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Mechanism of non-linear space-charge polarization in solid dielectrics

The nonlinear kinetic phenomena during shaping of volume-charge polarization in hydrogen bonded crystals
(HBC) is investigated by the methods of quasi — classical kinetic theory. From the solution of the nonlinear
system of equations, Fokker — Planck and Poisson, in case of blocking electrodes, it is established that the
mathematical description of the relaxation of polarization in HBC, in the region of weak fields (100-1000 kV/m)
and high temperatures (T > 350 K) linear approximation of the perturbation theory is sufficient. The coeffi-
cients of diffusion and mobility are calculated with respecting of both transitions mechanisms (thermally
activated and tunneling) of the protons through potential barrier of parabolic shape. Proton - proton and pro-
ton - phonon interaction is not considered. The proposed scheme for solving the kinetic equation can be ap-
plied to other, similar to the HBC type and properties of the crystal lattice crystals with ionic conductivity.

Keywords: proton semiconductors and dielectrics; hydrogen bonded crystals (HBC); proton relaxation and
conductivity; non-linear system of equations of Fokker - Planck and Poisson; relaxation modes; polarization
frequency harmonics.

Introduction

Hydrogen bonded crystals (HBC) by electrophysical properties in the range of temperature 7= 50 — 450 K,

at intensities polarizing field E, ~10° +10° —, are classified as proton semiconductors and dielectrics
M

exhibited the property of proton conductivity caused by diffusion transfer of hydrogen ions (protons) along
hydrogen links towards the electric field lines [1].

For electrical industry, insulation and cable technology the certain scientific interest is in the study
of the kinetics of space — charge polarization in HBC in the range of high temperature (7 = 100 — 450 K)
when the mechanism of dielectric relaxation in crystal is determined by thermally activated, and at low tem-
peratures (7'= 50 - 100 K), by tunneling junctions of protons [2]. This polarization type is well studied exper-
imentally, but its theoretical description remains unsatisfactory [2, 3].

Currently, two models — microscopic and phenomenological — were applied during the investigating
of processing of space charge accumulation. The first model is based on the concept of charge transfer in
a multi-well potential relief and to define the space — charge distribution is necessary, in general, to solve

the non-linear system of (z 107) equations, which is not analytically possible [2]. The solution obtained
by such a system only for homogeneous low electric fields [1]. The second model is upon the description
of diffusion transfer charge in the substance and it is built on the solving of the system of equations of Fok-

ker — Planck and Poisson [2]. Since the initial phenomenological model equations are nonlinear by polariz-
ing field, analytical solutions alone were gotten under the condition of their linearization [3].

1. The nonlinear properties of kinetic equation of proton relaxation

An analytical investigation of the influence of kinetic equation’s nonlinearities [2], and establishment
of the space charge relaxation mechanism on that basis will be built on the expansion of the space charge

E .
density and the dimensionless electric field z(&; r) = % in the non-dimensional power series [2, 3]
0
p(&1) =2 7P (&7), 2(&71) =2 7" 2, (&7). ()
k=1 k=0

o)

Turning in (1) to an expansion in the frequency harmonics p(r (é; 17) we have
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=+Zwi7k P (&), P(é;f)=ip(’“’)(é;r), (1.1)

r=1 k=r

o) (&1)= iﬁ{yw) (n,r)cos(gdaﬁ} (1.2)
(ra) (&1) iZykiR ro) (n,t cos[—éj (1.3)

Function p i (é 17) is multiple to frequency (r®) relaxation mode A-th order perturbation theory and

‘Rf(’“ (n,r)— the complex amplitude of the relaxation mode n-th order (the number 7 of relaxation waves)
pnk (e“; T)= R (n,r)cos[%éj. In (1.1)~(1.3) is ng_ a dimensionless coordinate; a — lattice con-
a

stant; d — crystal thickness. Dimensionless time = w% is expressed by the zero field component of pro-
ton velocity transition probability through the potential barrier [4]

O (7Y = Yo (exn(— 0 0\ _ , &XP(-A)—exp(-X)
(1) =7 (exp(~X)+(D”)), (D)= x o . @.1)
In (2) <D(°)> — averaged over the energy levels of the quasi-continuous spectrum the parabolic poten-
. . U T, o :
tial barrier transparency; X =—>-, A= , m— proton mass; U,— activation energy (the high
k,T 2
of potential barrier); v,— frequency of natural oscillations of the proton in the unperturbed potential well;
(U E
d,— width of the potential barrier [4]. Small parameter of perturbation y =% [3], according
diff
qazW(l) .
to expressions for the diffusion D‘g } =a*w'" and the mobility u coefficients, where ¢ — charge
B
. . qE,a _owY
of a proton [4], is expressed in terms of another small parameter ¢, = <<1 and, on condition W <1,
B
: w'
provided the form y = S0 O [4]
w
" =ﬁ( _ (n ) )\ _ Aexp(=A) - Xexp(-X)
w0 (1) =(exp( x)+(p")), (p") S . 2.2)
The nonlinear system of equations of the phenomenological model has the form [2, 3]
8p 0’ ap 0
—0p—y— , 3
or " oe pvaé() éwp 3)
% :
op d io
p(€,0)=0, =vy(n,+p)z ——exp( rj. @)
Ol fot) e j a \wt
In (3), (4) the accepted designation 0 =@yn,, ¢ = 49 , €, — the high frequency dielectric permit-
€€, Ly

tivity of the crystal, n,— the equilibrium (balanced) concentration (density) of protons. In the zeroth approx-

imation, in the expressions (1) z, (1) = exp(W_m j Po (g r) 0 are accepted [3].
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We expanded p, (é;r) in a Fourier series of orthogonal functions cos[%éj, on a segment

d,
d . . 2a % ma . .
0<&<—, with an image R, (n,r) =7 j Pi (é;t)cos 7§ d &, after transformation equations (3), (4),
a 0

using (1.1), (1.2) and (1.3), we obtain the equation

a—m ‘ n”c 1 2a n
I»a(r ) +;5Rk (n,’r) :7{710 (Z“'é‘z .(_1) _Zk1|é-0j_
% k-2
_% j [zo Pt D2, pkml]sin(%gjdg , )
0 m=1
2.2 2
where L =T ;zza +0. The integral of equation (5), taking into account, is equal to
Tﬂ
2an G 7 2a ma s 4 ‘s
)| 1) fo o oo e 5 [z B

/
xsin (méjdﬁx exp (T—j]dt/}x exp[—i} )
d T, T,
Further conversion function (6) lead to recurrent expression

sin’ (“J sin’ (nnj
0 T /
‘Bk(n,r)zgzg(pz 2 - 2 x{exp(—lj'_‘.‘ﬁkl(s,r/)exp(T—]dr/} -
s=1

S 0

n n

2 o ™R . o TS
40 & )" 2 )M 0 N / o 1)),
_7; —— X exp[——}-!ﬂ%kl(s,r )exp [z 70 +T—]r dt |y +

n

n* cos’ (nnj sin’ (np] sin’ (nl]
8 k-2 ) 0 2 2 2 P T/
+—(fz > > 'J‘SR,(ml(p,r/)‘ﬁm(l,r/)exp(—Jdr/ X
r=1 - 0

xexp[—ri} @)

The first term of the integrand in recurrence formula (7) describes the interactions between the relaxa-
tion modes different number n of the same order k and leads only to increased amplitudes of the modes in the
odd frequency harmonics. The second and third terms of this expression describes the effect of the interac-
tion of different modes and the number n and order 4, and lead to the excitation (kK —1)®, k£ ® — harmonics

appropriately. According to (7) odd harmonic frequency relaxation modes contain odd numbers &, and even
harmonics — even — k. Thus, the contribution to the dipole moment of the dielectric gives only odd har-
monic frequency, etc. The nonlinear interaction relaxation modes have a significant influence on the for-
mation of the space charge at the frequency ® only at the initial stage when ¢ <1, relaxation time fashion
with £ = 1. Determine the complex amplitudes ‘R, (n,r) in analytical form at times ¢ <7, fails, however,
when executed in the art 1)) 1,, provided the relaxation process becomes stationary, periodic and relaxation
terms in the expression (7) can be neglected. Since they measure the dielectric losses when losses are con-
nected to the fundamental frequency, it is necessary to determine the complex amplitude ‘J%Ef) (n,r) at this
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frequency. Since generation of relaxation modes with complex amplitudes begins with the first-order pertur-
bation theory [2, 3]

.o
expli——1
; )
R (n,1) = ———0 xsin’ (MJX—W, (8.1)
d 2 L—i— .0
Tn ! W(O)
of the first term of (7) is easily visible
sin’ (ns exp [imtj
4 © ©)
‘J{(;’)(n,‘c)z_%xgn_‘;wxsinz (%}xz 2 X W (8.2)
T .

2
T

sinz(nsj exp(im rj

’ e 0)

m<>()47(8_¢j (ﬂ s 2) | w2 (g3
s O] ;

from which we obtain the recurrence formula

. @
k-1 eXp(l(O)Tj
RO (1) = -2 (B G2 (B ) prt o A ) ©)
d e 2 1 L@
P

sin ( j
In(9) A, =

s=1 2 .
S [R‘FZW(O)J

From (1.3), when = 1, we have

iz‘y ER n T cos(%&j (10)

Substituting (9) to (10) gives a final

4 = Sinz(gnj :
m an,y Tna ot
p( >(§,r)=_ 8(p:1 Ay xz T o xcos[TﬁJxexp[W} (11)
n=1| ___ :
d(l-;z 0 ] . +z—W(O)

From (1.2), when r = 1, when
o (&)= R (1 COS( é} (12)
n=1
considering (9), we have
4an 8k la k 1 k 1
0

pk (‘i )_ 'n( )

I
€, E

sin’ (nnlj -sin’ [n " ) ( j
5IIH) : 2 cos[ 0| )
m=lny=l  m=1 22 1+, (O] 1 . ® o i d

a liW(O) T a liW(O)

7+ZW

n
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From (1.1), when r = 1, when
p(m’(é;r)=kivk p” (&1), (14)
taking into account (13), we obtain (11). 7
2. Non-linear polarization effects

Polarization at the fundamental frequency P! (&1)=gx- p® (& 1), averaged over the thickness of the

dielectric
d
P (1) =%J.xp(m)(§,‘c)dx, (15)
0
according to (11) it takes the form
8 oo Sin2 (2j .
P(w)(r): aqn, ¥ X xexp(lm((;cj. (16)
) agnyAyy | = [ 1 . o w©
I e — ntl—+i—
g, K, t, W )

Averaging k-th polarization components
d
A ()= [ ol (&), (17)
0
taking into account (11) it gives

sin’ (nnlj -...-sin’ (nnkj X exXp [zw rJ
k _k k. k © @
(@)= ’ 2/, e

T)=——"FT""""> ... . 18
n“s’g‘lsi‘lEé“l; Z - '2(1 ® j _(1 coJ )
=

. T—'—ZW(O) 7+ZW(O)

Substituting (14) into (15)
PP (1) =27 R (), (19)
k=1
taking (18) confirms the expression (16).
As seen from the functions (13), (18), at the first odd field frequency () manifest the nonlinear polari-
zation phenomena is associated with the interaction relaxation modes of the same order perturbation theory
(k= 1), differing in number n,. The relaxation times for these modes 1, , 1 T, - Obviously, a small pa-

ny 2t

rameter y of linear solution of the Fokker - Planck [2, 3] is a special case of solutions of the generalized
primary field frequency (®) (11). Thus, a generalized formula for the polarization of the dielectric (16) in

k-1
. [ 8on, A
the first-order perturbation theory (k= 1) when Z( P > 0 “{} = — 1, proceeds to the result [2].
k=1 n 1 _ 8(pn0A0 ’Y
n2
Conclusions

1. The influence of the nonlinearities of the kinetic equation of proton relaxation for mechanism
of volumetric - charge polarization in proton semiconductors and dielectrics is investigated. From the solu-
tion of the nonlinear system of the equations of Fokker - Planck and Poisson (3), (4), recurrence formula

for the complex amplitudes R, (n,t) of the relaxation mode number n in the k-th order perturbation theory
is built (7).

2. By methods of quasiclassical kinetic theory it is proved that the forming space - charge polarization
in the class HBC crystals in an alternating electric field only odd powers of the field relaxation harmonic

p((2k+1)w) (&1)~E*"(t) are generated in an external circuit. The generalized expression (16) is retrieved
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on the fundamental frequency of the alternating field (®) for the polarization HBC with blocking contacts

at the boundaries of the dielectric.
3. It is found that already at the first odd field frequency () nonlinear effects caused by the interaction

of different number 7, relaxation modes k= 1 order perturbation theory (equation (13), (18).
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KartThl n1ndJieKTpuKTEepaeri CbI3bIKTBIK eMec
KOJIEMIIK-3aPAATHIK MOJISPU3ALUA MeXaHU3Mi

ChI3BIKTBl €MEC KHHETHKAJIBIK KyOBUIBICTAp KAJBINTACTBIPY KE3iHIE KOJIEeMIIK-3apsiATBHIK IOIIpU3aLus
KpHCTalIaHa OTBIPBII, CYTEKTiK KpUcTaIABIK Oaitnansictapsl 6ap (OKK) amicTepiMeH KHMHETHUKAIBIK TEOPHUS
3eprrenii. belich3bIK Teraeyep xyiteciniy memimin @okkep-Ilnank xane [Tyaccon 6i0KTay 2JIeKTPOATAPHI
JIeTl aTalaThlH MaTeMaTHKaJbIK CHIIATTay pelakcanus moisspusanus onci3 epicrep (100-1000 xkB/m) sxone
sxorapel Temreparypa (7 > 350) KeTKUTKTI CBI3BIKTBIK JKYBIKTay TEOPHSCH OOMBIHIIA aHBIKTAJIBII,
TYKBIPBIMIAIIBL. /1 PETaKCalsIIBIK MOa HOMipi OOMBIHINA aHAMTUKAJIBIK TYPAE aHBIKTAJIFaH, SFHU HETi3ri
JKULTIKTE aifHbIManbl epic OalWKaiFaH, CHI3BIKTBIK €MeC ocepyiep HETi3JelreH e3apa  ic-KUMBUIMEH
epexmenenai. Juddysus xone kemy xoadduimenTTepi ecentenyin eckepe OTBIPBIIN, €Ki TeTIKTeri eTyiaep
(TepMusnbIK OesceHIl >KOHE TYHHEN[I) apKbUIbl MapabonanblK HNPOTOHAAp TOCKaybll Oomansl. IIporoH-
HPOTOHABIK KOHE IPOTOH-(QOHOHIBIK ©3apa OpeKeTTecy KapaiaMaiabl. KHHEeTHKaJbIK TeHJey MIeIliMiHiH
backa na ykcac OKK OoiiblHIIA THUII YKOHE KAaCHETTEePli KPUCTAJABIK TOPIBIH, MOHBIK OTKi3y KPUCTAIIBI
GaitaHbICTap YIIiH YCHIHBUTYEI MYMKIH.

Kinm ce30ep: TpOTOHIBI >KapThUIAIl OTKI3TIIITEp >KOHE MUIIEKTPHKTEp, CYTEeKTiK OaifaHwsicTapel Oap
KpHCTaIJap, MPOTOHIBIK pelakcamus >koHe oTK3rimTik, dokkep-Ilmank xoHe ITyaccoH CBHI3BIKTHI emec
TeHIEYJIep XKyHeci, perakcanus Moatapbl, MOJSPH3ALMSIIBIK XKUUTIKTI TapMOHHKAap.

B.A. Kaneitka, M.B. KopoBkun, I'.A. Bepmnaun, A.B. bampos

MexaHu3M HeJIUHEHO 00beMHO-3aps10BOM
NOJIIPU3ALMH B TBEPABIX AUJIEKTPUKAX

Meronamu KHHETHYECKOI TEOPUH HCCIEAYIOTCSl HeTMHEHHbIE KHHETHIECKHE SIBICHUS IIPH  (OPMHUPOBAHIN
00BEMHO-3aps1I0BOH MOJISIPU3AIMU B KpUcTaIIax ¢ BogopoaubiMu cBs3siMu (KBC). 13 pemenus HenmHeHHO
cucrembl ypaBHeHui Pokkepa — [Inanka u [lyaccona mpu 6J0KHUPYIOIUX 3JEKTPOJaX YCTaHOBJIECHO, YTO IPH
MaTeMaTUYEeCKOM OIMCAaHUU pellakcaunoHHOW monspusanuu B KBC B oGnactu cinabbix mosei
(100-1000 kB/m) n Beicokux Temuepatyp (7 > 350 K) MOXHO OrpaHHYMTHCS MEPBBIM MPUOIMKEHUEM TEO-
pHUu BO3MYIIEHHUH. AHAIUTUYECKH YCTAHOBIEHO, YTO HA OCHOBHOM 4acTOTE MEPEMEHHOrO MO HAaYMHAIOT
TIPOSIBIIATECS HEJNUHEHHbIE 3()(EKTHI, 00YCIOBICHHBIC B3aNMOCHCTBIHEM OTIIMYAIOIINXCS 10 HOMEpY 1 pe-
nakcanuoHHBIX MoA. Koadduuuments! nuddy3un 1 HOABMKHOCTH BEIMUCISIOTCS ¢ YIETOM OOOMX MEXaHH3-
MOB IIEpEXO0B (TEPMUUECKH AKTHBUPYEMBIX M TYHHEIBHBIX) IPOTOHOB Yepe3 MapaOdoJIMUecKuil IMOTeHIH-
aIbHEINA Gapbep. IIpOoTOH-TIPOTOHHOE U NMPOTOH-(POHOHHOE B3aUMOJECHCTBUS He paccMarpuBarorcs. IIpemo-
JKEHHasl CXeMa PEIeHUs] KHHETHYECKOTO YpaBHEHHSI MOXKET OBbITh IPUMEHEHa U K ApyruM, cxoxxuM ¢ KBC no
TUITy U CBOWCTBaM KPUCTAJIIMUECKOH PEIIETKU, KPUCTAJIIIAM ¢ MOHHOW TPUBOAUMOCTBIO.
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Kniouegvie cnosa: MPOTOHHBIE IOJYNPOBOJHUKHA M JHUAJICKTPHKU;, KPUCTAIBI C BOAOPOIHBIMH CBS3SIMU
(KBC); mpoToHHas penakcauusi U IPOBOAMUMOCTH; HENHMHEHHas cucteMa ypaBHeHuit Pokkepa—Ilnanka
u ITyaccoHa; penakcalMOHHbIC MOJIbI; HOJIIPH3ALIMOHHBIC YACTOTHBIC TAPMOHUKH.
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