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Quantum properties of proton subsystem in proton semiconductors

The quantum mechanism of the relaxation motion of the most mobile charge carriers (protons) in crystals
with hydrogen bonds (HBC) in the range of low temperature (70-100 K) is studied. The energy spectrum of
the proton in the unperturbed potential field of a crystal lattice modeled as a one-dimensional periodic poten-
tial relief of a rectangular shape is investigated in the quasi-classical approximation by the Wentzel —
Kramers — Brillouin method (WKB-method) at ohmic contacts at the crystal boundaries (the work function of
the proton from the crystal is assumed to be finite). The band structure of the energy spectrum of low-
temperature relaxers (protons) in proton materials was discovered, the word parameters of the band structure
(width of the forbidden zone, «bottom» and «ceiling» of the energy zone minimum and maximum distances
between two fixed energy bands). The populations of quasi-discrete energy levels (within the limits of the
corresponding energy bands) by protons are calculated using an balanced (equilibrium) density matrix con-
structed on the basis of Boltzmann's quantum statistics for protons tunneling through a rectangular potential bar-
rier. With the help of a quasi-stationary equilibrium density matrix, an expression is constructed for the polariza-
tion of the proton subsystem perturbed by an external homogeneous harmonic time-varying electric field.

Keywords: crystals with hydrogen bonds, the band structure of the proton energy spectrum in the HBC,
quasiclassical approximation in quantum mechanics; the equilibrium density matrix for protons, energy zones
of the proton in HBC.

Introduction

Hydrogen bonded crystals (HBC), classified by properties and parameters of crystal lattice as a layered
crystals, are characterized, in the limits of low fields in the temperature range T = 70 — 450 K, by proton
conductivity includes in diffusion transfer of the protons along the hydrogen links towards the electrical field
lines, that allows determine this crystals group as the proton semiconductors and dielectrics [1].

According to kinetic theory of dielectric relaxation [1,2] the mechanism of polarization (and depolar-
ization) in HBC is built just upon based the relaxation movement of the most mobile of the charge carri-
ers (protons) along (parallel) the crystal axis C and proton determined as the physical relaxator in
HBC [2].

In range of high temperatures (T>100 K) the process of proton relaxation in HBC caused by thermally
activated transfer of protons (along the hydrogen links) were studied well experimentally [1]. The solution of
linearization kinetic equation type Fokker — Plank built in linear approximation of parameter of perturbation

theory V. (for the models of the blocked and ohmic electrodes) [1] and can be used for description of the

thermally stimulated currents of depolarization (TCDP) and dielectric losses in the area of T =100 — 250 K.
But the mathematical model of low temperatures proton relaxation in HBC (T=70 — 100 K) [1-3], caused due
to quantum tunneling transfer of protons trough the potential barrier (according to the experimental results
[1]), remains unsatisfactory [1, 3-5].

1. The calculation of energy spectrum of protons in quasi-classical approximation

Due to the significant transparency of the potential barrier [1,2], quantum effects play the main role in
migration processes of the protons in HBC at low (T<100 K) and super — low (T=4-25 K) temperatures [6].
In this case, the theoretical studies of the properties of the proton relaxation movement in the crystal struc-
ture of the dielectric must be constructed by methods of quantum theory (based on the wave Schrodinger
equation) and statistical properties of the proton subsystem (linked by hydrogen bonds with ionic subsystem)
to be described upon based the Gibbs quantum statistics (in the case of a non - degenerated proton gas) with
the help of density matrix [1, 2, 6].

The Schrdodinger equation for the particle (proton) with mass m moving in unperturbed one-dimensional

periodic potential field of hydrogen links (multi-well potential image in HBC) Wc [1] can be shown in

[H"]
simple form [1, 7]
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0
o + W Ou=Ey. (1)

In this model, the direction of the coordinate axes OX is chosen in the direction of the crystal axis C. The
changing the coordinates of the particle range is —00<X <00. The unperturbed energy levels of the particles

varies in the area 0 < E*) < o0, where in the bound states of the particle (proton) correspond to energy values
0<EY < U,, where U,—respectively the activation energy of the proton localized at the hydrogen bond.

The range of energies U, < E © < U .. respected to the stationary states of the particles moving outside of
the local field of the hydrogen bonds but in potential field of a crystal lattice. Here U, — work function of

the proton from the modeling crystal.
The method of analytical solving of equation (1) for given model [2] can be simplified, since for the re-
laxing protons condition of quasi-classical holds [1]

mo,S;/ 47 >> 1. )
Here o,— cyclic frequency of natural oscillations of the proton in an isolated potential well, 8,— the poten-

tial barrier width [1].
So, the wave function of the proton in the j-th potential well in the range of a; <x <b;, according to

method of Wentzel-Kramers—Brillouin (WKB -method), has the form [1, 7]

\/_exp{——'l.p dX]-‘r rl)j(Jx) exp(%jp(x)dx}. 3.1

Respectively, of the j-th barrier in b; <x <a,,, is

j+l

“ = ex —lx ﬁj ex lx x)|dx |. .
A e |p( p[ hbj J p(x) p{hﬂp( NdJ o

The relation between the coefficients of the exp. (3.2) of j-th and j +1- th barriers [1, 7]
(jj+1 -B (jj . B= (Bll Blzj ‘ (4)
DjJrl D_| B2l BZZ

e 'cos . s . Ly 1
Here B,, :T(P’ B, =€"sing, B, =—¢ "sing, B,, =2e"cos@; (ngjp(x)dx, n=- I )|dx.
b;

On basis of exp. (4), with the help of expression [1,7]

O)

aj

_ (=B =B)
i 1 (XI_BII)}\‘JZ_(Xz_Bu)Xi' _( 1 11)( 2 “)(M_wz)
B* = x _7\‘ . BZI s (5)
b le(}‘i'_}‘é) (7‘1_[311)}‘1_(}‘2_611)}‘12\1W
-
where A,,A,— the roots of the characteristic determinant Bl{; BBIZ A= 0, writing the amplitudes of the
21 27
_[c,)_(0 . .
O-th barrieras | _~ |=| _ |, we can build the matrix
o Ce™
_ _Ce " (7‘1_611)(7‘2_[311)(}‘{_}‘%)
Dj Ce™ (7‘1_611)7“5_(7‘2_[311)7‘;

Ce™
7‘1_7‘2
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. . e " . . . ..
So, the characteristic equation 7\2—[7+2CHJXC05a+1=0, according to quasi-classical condition

n1, when 2cosu = (%e'“-l— 2e" jcoscp ~2e"cos@, given the form A°—2e"\cosé+1=0, and characteristic

roots, respectively A, :exp(iiu). Then, the exp. (6), according to the designations B, +f,, =2cosu,

BnBzz_ Brszl =1, may be shown as
B,,sin(ju)

aj _Ce" sinu
D, sin((j+1)u)-p,,sin(ju)

sinu

(7

In (7) C— constant determined with the help of normalization condition j |\|l|2 =1.

—0

Cy, C
Upon based the exp. (7), taking for N, —th potential barrier the matrix [HN“ ]E{ N“‘] , when
D 0

Nw

B, sin(NWu)

¢ : -
Y =ce st , according to B,, = € P 50 , at finally, we have equa-
Dy, sin((NW+ l)u)—B11 sin(Nyu) 2
sinu
. sin((Ny+1)u) . , :
tion —————* =0, where N,— full quantity of the potential wells in the model. So, the parameter u

sinu

may be determined with the help of expression u, ==+ ,where s #0,8 # N +1.

wtl

Using the exp. COS((P(H;S)) ~e "cos(u, ), according to ¢, = arccos(x(n;s)) ~arccos(0) ¥y, » Where

ns) = e ™cos(u,) << 1, we can write Plas) = arccos(x(n;s)) ~arccos(0) ¥y, and

1 TS
L RFm nt+— |Fe ™cos . 8
. +[ 2j+ (NWHJ ®)

( Ajiin
/ V2m (
Here (P - J. C[H+ (X) dX M = T J. C[H+ (X) E C[H ](X) W C[H'] ( )
Bi(ns

b

j.n

respectively potential energy of the proton calculated in range of the potential well, or barrier.
In exp. (8) the unperturbed energy levels of the proton in the isolated potential well Er(lo) may be calcu-

1
lated by eq. ¢, = J. pn dx +nh(n+ 2) where accepted pIl \/ 2m( E C[H ](X))

0,a; <x<b,
[1], where

For the model of potential image with rectangular shape write W . (x
p g g p e X = {Uo,bjSXSajH

W (®)=Upy > U, when x<0, x>d; a;=(j-1)(a+3,), b;j=a;+a. The crystal thickness is

d=(Ny—1)(a+3,)+a. Here: a— width of the well, §,— barrier width; U,— barrier height (activation en-
ergy) [1]. It is obvious that a+ 8, =a .
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For the isolated square Well in WKB approximation [1]:

_ 1 _ \I 2 mE ()) hz 7'[2 1 ?
(pnz+n(n+5j, I J W (x)dx = Ay n+5 .
Splitting energy levels En parameter n, for the rectangular relief has the form

J_f\/i ,lszE

The unperturbed energy levels E for the proton in potential image of hydrogen links are calculated

2mE"
on basis of (8), with respecting of exp. Do) = ) 4 and may be shown as
2,2 2
(0 _ h'm l
E(n,s) - 21’1’132 (U(n,s) + 2) . (9)
1 . . .
In (9) Vfns) = nJr—e'”"cos(NnS 1] . At finally, the energy spectrum of proton in crystalline potential
T wt

relief with rectangular shape given the form

2 1 2
E((:)S) =EY + h 7; nt+ e moos| — S |+ —ecos’ = (10)
: ma 2 Ny+1) 2ma Ny +1

Upon based the (10) determine the energy band (zone) number n (respectively to energy level E ) in-

cludes the energy levels, beginning the numbers from s = N, :

2 2
E .. :Ef}o)—h f n+l e ™cos| —— |+ h ~e*™cos’ ns , (11)
’ ma 2 Ny+1) 2ma Ny +1
tos=1:
2 2
E .. =Er(1°)+h f n+l e cos| —— |+ f —e ™ cos’ Lol (12)
’ ma 2 Ny+1) 2ma Ny +1
The n- th energy band (zone) width is
20’ 1
AE, =E, 0= E i = hzt n+— |e ™cos| —— |. (13)
’ ma 2 Ny +1
When N, — oo it gives the form
20w 1
AE, — (AE = n+— |exp(—n,) - 14
(88, =2 e L Jexp(-n,) (14)

The minimum AE,’ (m'“) =AEY)=E _E and maximum AE™) =AEY) = F  _E  distanc-

n,m n,min m,max n,m n,m n,max m,min

es between energy levels of m-th and n-th energy bands, when n>m, respectively

2
AEﬁl E ih > n+l e ™+ m+l e ™ |cos T +
’ ma 2 2 Ny+1

n’ 2 2 2 n
+ 2[6’ h—e” "m]xcos . (15)
2ma Ny+1
When Ny, — oo, exp. (15) give the form
Wn 1 1 "
AEY) 5 (AEY))  =E") + (n+ —je"”“ + (m+ —)e"”m + e |, 16
n,m ( n,m )max n,m maz 2 2 2maz I: :I ( )
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Upon based the exp. (15) we can see

AE"™) = AEI™ + AE, + AE, . (17)
The n-th energy band width (13), (14) may be determined in complex with the transparency of potential
barrier
2n’ 1 ?
AE, = h—f(m— D(U,.E\" Jcos| ——|. (AE,),,. = L D(U,,E"). (18)
ma 2 Ny +1 ™ ma 2

The solutions of quantum wave eq.
L Wiy

2m A
may be constructed in the form of wave functions \T/(n’s) , \T/(n,s) carlier calculated by authors of [7]. Here we

J2mED), J2m(u,-EY)
=—a3a , nn = 60
h h

2. The populations of unperturbed energy spectrum levels.
Statistically averaging operator of polarization

'\ _ (0
Wc,[H*](X) Ying) = E (ns) Vins)

must with respect the parameters

Balanced proton density matrix pf’?’)n [2] allows us to calculate the populations of unperturbed energy

levels E((:)s) helps to construct the occupation numbers in the area of n- th energy band

- EWO
(0 +40) _ 0 _ OT " exp| - )
a(n,s) a(n,s) - ppr;(n s) Ner I:Z :| eXp k. T . (19)
B
E(O) w Ny
Here Z, O = ZZexp T — statistical sum of the protons subsystem [2]; N ZZa
n=0 s=1 n=0 s=1

full quantity of the protons relaxing with predetermined activation energy U, in range of given experimental
monorelaxation maximum (in HBC) is determined by summing the occupation numbers of the levels E((I?)S) [2].

The equilibrium (balanced) density matrix of the proton subsystem perturbed by external (polarizing)
field, built in the form [2]

o = s g
a(n,s) a(n,s) _ppr;(ns Ner[ :| eXp _kB_T . (20)
In (20) Z,, ZZexp[ J— statistical sum for the protons distributed by perturbed energy levels (dis-
n=0 s=1

turbed states) E(n,s) = E(n,s) +AE(H,S) , where indignant component of energy AE(H,S) is calculated for invent of
large periods of oscillation of the external (polarizing) field, in predetermined approximation of indignation
theory [2]. In the linear approximation of indignation theory wused the expression

AE, ()= J ‘|’(+n,s) VAV(x;Z)\V(nqS) dx [2]. In this formula d — is crystal thickness. For the model of homogeneous
0

harmonic time-varying electrical field we have  W(x;7) = —qE, x-¢*', where E,,o- amplitude and fre-
quency of alternating field; q — the proton charge [2]. Here respected the condition of low indignations to

A (1)

B

<< 1. So transform (20) into the type
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-1
m AE. (1) AE. (1)
Portos) (D= Pining¥| | €D _ﬁ exp _ﬁ ' @l
0
Here accepted the designation

AE,_(t) AE, () EY

(ns) (ns)
exp| ————|) = X ex xexp| ——— |. 22
o 2] ZOZI . T Pl T 22

0
At finally, the result of full quantum — mechanical averaging of polarization operator (formula (16) in
[2]) for the developed in this work statistical model (21) may be shown in the form

w o Ny Ny
Pé:)[zol (t) ~q z z Z Z {pg:,)(k,l) (E((l(c),)l)) X pg:,)(n,s) (E((:,)s) ) X

k=0 n=0 /=1 s=1

-1
AE, (1) AE, (1)

x4 { exp ) ki X exp S Ly xj

kT k,T 0

0

2 2

Vs Vi xdxp. (23)

In (23) §,— is potential barrier width.

The more detailed investigating of the quantum mechanism of migratory motions of the protons during
tunneling polarization in HBC must be constructed upon based the numerical calculating by the function (23)

in complex with the stationary wave functions Yins) > Y [7] and energy spectrum expression (16) and will
be made later.
Conclusion

1. In quasi-classical approximation, by the WKB —method, constructed the expression for quasi-discrete
energy spectrum (10) of the protons moving in unperturbed one-dimensional periodic multi - well potential
field (potential image of hydrogen links in HBC) with rectangular for the model of ohmic contacts at the
boundaries of crystal. Detected the zone structure of proton quasi-discrete energy spectra in HBC and built
the formulas for numerical calculating of the parameters of band structure (the «bottom» and «ceiling» of
energy band (11), (12); energy band width (13), (14); the minimum and maximum distances between prede-
termined energy bands (15), (16)) of the proton subsystem relaxing in rectangular potential image.

2. The calculating of the populations of the unperturbed energy levels (10) in limits of respectively en-
ergy band built with the help of occupation numbers (balanced density matrix) for the protons moving with
predetermined activation energy (19). The quasi-equilibrium proton density matrix constructed upon based
Boltzmann's quantum statistics (by analogy with the balanced density matrix) for the proton subsystem per-
turbed by alternating external indignation (21).

3. By method of full quantum — mechanical averaging with the help of quasi-equilibrium proton density
matrix constructed the formula (23) for numerical calculating of polarization of the proton subsystem relax-
ing in homogeneous harmonic time-varying electrical field.
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B.A. Kansitka, A.W. Anudepos, 3.K. baiimyxanos, A.J[. Mextues, A.J[. AnbkuHa

IIpoToHABI KaAPTHLIANM 6TKI3riIITEPAIH MPOTOHABI
KOCAJIKbI )KYleCiHiH KBAHTTBHIK KacueTTepi

Temenri temmeparypanap auanasonsiHga (70—100 K) cyrekti Gaitnanbsicel Gap kpucraama (CBK) ere
KO3FaIMaJbl 3apsj TacyLIbLIapAblH (MIPOTOHAAP/bIH) PEAKLMSUIBIK KO3FAIBICHIHBIH KBAHTTBIK MEXaHU3Mi
3eprrenmi. TikOyphI minrHAec NepUoATH d1eyeTTi (MoTeHUMAaAbI) Oeepe YAriICHETiH, KPHCTAIAbI TOPABIH
YHBITKbIMaFaH (THIHBILI) QJIEYeTTi OpiCiHAe MPOTOHHBIH 3HEPreTHKAIBIK CHEKTPI KPUCTAIIBIH LIEKapachiHAA
OMIBIK KapbIM-KaThlHAC TOpbl Ke3inge Benruen-Kpamepc-BpummoeH —oficiMeH, KBa3HKIACCHKAJIBIK
JKYBIKTQTYMEH KapacThIpbULIbI (POTOH KPHCTAJJaH IIBIFY XYMBICHI IIETKI Iama OOJbI KaObUIaJaH/bI).
TIpoToHIBI JKapThUIAl OTKI3rilITEpIC TOMEHIT TeMIepaTypalblK —pejaKcaTtopiapAblH  (IPOTOH/IAP/IbIH)
SHEPreTUKAIBIK CIEKTPiHIH aiMAaKThIK KypbUIbIMIAPbl TaObULIbL. ANWMAKTBIK KYPBUIBIMHBIH I1apamerpiiepi
aHBIKTANABI (kaObIK alfMaK eHi, SHePreTUKAJIBIK aiiMaKTBhIH «TYO01» jKoHE «Te0eci», SJHEPTHHbIH eKi OeKITiIreH
aliMaKTapbIHBIH MHHHUMAJIIbI JKOHE MaKCHMAJIbl apaKallbIKThIFbl). KBasuauckperTi sHeprus IeHreiiaepiHin
HPOTOHIAPMEH TOJIBIMABUIBIFBI TIKOYPBIIITHI QJIEYeTTi HOTEHIHANAB KeAEPTi apKblIbl XKYPETiH MPOTOHIApFa
apHaiFaH bBoJblIMaH KBaHT CTATHCTHKA HETi3iHAC KYpbUIFaH, OipeimieMIi THIFBI3/BIK MaTPULIACBIHBIH
KeMeTiMeH ecenTemnini. bipenmemi KBa3uCTAIIMOHAPIIBI TETIE-TEH/IIK THIFBI3/IBIK MATPUIIACKIHBIH KOMETiMCH
HPOTOH/IBI KOCAIIKBI XKYHECIH MOJIIpU3aLisiay epHeri KypbUIFaH.

Kinm ce30ep: cyrexti GaimaHbIcel Oap kpucrannap, CBK-nmarsl MpOTOHHBIH SHEPreTHKAIBIK CIEKTPIHIH
aiMaKTBIK KYpBUIBIMBI, KBAHTTHIK MEXaHMKaJaFbl KBAa3MKJIACCHKAJIBIK >KybIKTay, NMPOTOHAApPFA apHAIFaH
TBIFBI3/IBIK TeTe-TeH K MaTpuuackl, CbK-1arbl mpoTOHIapIbIH SHEPreTUKAIBIK aiiMaKTaphl.

B.A. Kaneitka, A.U. Anmudepos, 3.K. baiimyxanos, A.Jl. Mextues, A./[. AnbkuHa

KBaHTOBBIE CBOIicTBA NPOTOHHON MOACUCTEMBI B IPOTOHHBIX MOJIYIPOBOAHUKAX

Hccnenyercs KBaHTOBBIH MEXaHHM3M PETaKCalMOHHOTO JBIKEHMSI HanOoJiee TTOJ(BIDKHBIX HOCHUTENEH 3apsiaa
(mpotoHOB) B KpucTamuiax ¢ BogopoaubiMu cBs3simu (KBC) B auanasone Huskux temmeparyp (70-100 K).
DHepreTnyecKnii CHeKTp NMPOTOHA B HEBO3MYIICHHOM IIOTCHIMAIbHOM IOJIE KPUCTAIIMYECKON PELIeTKH,
MOJIETIMPYeMOH B BHJIE OZHOMEPHOT'O MEPHOJUYECKOro IMOTEHIHAIBHOrO penbeda mpsamMoyronbHoi Gopmsl,
uccienyerca B KBa3MKIacCHUecKoM npubmmkeHun metonoM Benrtnens—Kpamepca—bpumtosna (BKb - me-
TOZIOM) IIPH OMHUYECKHX KOHTAKTaX Ha 'PaHMIAX KpUcTaiuia (paboTa BbIXO/A IPOTOHA U3 KPUCTAILIA IPUHHU-
MaeTcs KOHeUHOH BenmunHoi). OOHapy)keHa 30HHAsl CTPYKTypa SHEpPreTHUecKOro CIeKTpa HU3KOTeMIIepa-
TYPHBIX peNIaKkcaTopoB (IIPOTOHOB) B IPOTOHHEIX ITOJYHPOBOJHHKAX, OIPEAENICHBI IapaMeTphl 30HHOU
CTPYKTYpHl (UIIMpPHHA 3alNpeTHONH 30HBI, «IHO» M «IIOTOJOK» DHEPreTHYECKOil 30HBI, MHHUMAIBEHOE
U aKCUMaJIbHOE PACCTOSHUS MEXAY IBYMs (MKCHPOBAHHBIMH 30HAMU SHEPrHii). 3aceleHHOCTH KBA3HIHCK-
PETHBIX YPOBHEH 3Hepruu (B npejenax COOTBETCTBYIOIINX YHEPreTHUECKUX 30H) IIPOTOHAMH PaCCYUTHIBAIOT-
CsL C MOMOLIBI0 PABHOBECHON MATpPHUIbl IDIOTHOCTH, NMOCTPOEHHOH Ha OCHOBAaHHM KBAHTOBOW CTATHCTHUKU
bonbumaHa 1J1st IPOTOHOB, TYHHENUPYIOMINX CKBO3b MPSAMOYTOJIbHBIA MOTEHIHAIbHBIH Oapbep. C MOMOIIbIO
KBa3MCTallMOHAPHOH PaBHOBECHOI MATPHIIbI INIOTHOCTH MOCTPOCHO BBIPXEHHE VIS MOJIAPH3ALNH TIPOTOH-
HOH MOJICHCTEMBI, BO3MYIICHHOH BHEITHUM OJXHOPOJIHBIM, FTapMOHIUYECKN H3MEHSIOIIMCS BO BPEMEHH JJIeK-
TPHUYECKHM II0JIEM

Knioueswvie cnosa: xpucramis ¢ Bogopoaasivu csi3siMu (KBC), 30HHast CTpYKTypa SHEpreTHYEeCKOro CIeKTpa
nporoHa B KBC, kBasuximaccuaeckoe NpHOIIIDKEHNE B KBAHTOBOM MEXaHUKe, PABHOBECHAS! MAaTPHUIA INIOTHO-
CTH AJIsl IPOTOHOB, dHEpreTHyeckue 30161 npotoHa B KBC.
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