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Calculation of electron-optical characteristics of a quadrupole-cylindrical field

The article is devoted to the calculation and analysis of electron-optical characteristics of a electrostatic
quadrupole-cylindrical field. The object of the research is the development of an energy analyzer based on
a quadrupole-cylindrical field. The structure of electrostatic quadrupole-cylindrical fields is obtained on the
basis of the superposition of a basic cylindrical field and axially symmetrical cylindrical quadrupoles.
The calculation of electron-optical characteristics of a quadrupole-cylindrical field was fulfilled on the basis
of the analytical method for calculating of trajectories of charged particles. The problem of integrating
of differential equations of charged particle motion and the analytical description of the trajectory equation
in a quadrupole-cylindrical field has been solved. A projection of charged particle trajectory from the source
to its image has been calculated. The main aberration coefficients that determine the conditions of second-
order angular focusing are calculated. The most optimal scheme of a quadrupole-cylindrical mirror for energy
analysis has been found.

Keywords: electron spectroscopy, quadrupole-cylindrical field, quadrupole, energy analyzer, electron-optical
characteristics, electron-optical scheme.

The implementation of electron spectroscopy methods is based on the use of complex equipment, one
of the main elements of which is a dispersion energy analyzer of low and medium energy electrons. At pre-
sent, the capabilities of the known energy analyzers used in the study of the solid surface are largely
exhausted. Therefore, energy analysis of charged particles beams, as an effective method for studying
nanostructures, requires the modernization of existing analyzing systems or the creation of qualitatively new
analyzing systems based on the further development of the theory.

A new class of axially symmetric Laplace fields, built on the basis of the synthesis of multipoles and a
cylindrical field, and of practical interest for solving the problem of energy analysis of charged particle
beams, was first proposed in [1, 2]. The potential of a multipole-cylindrical field, built on the basis of the
superposition of a cylindrical field and a various order circular multipole, has the following form

U(r,z) =plnr+0U, (r,2), (1)
where U, (7,z) is a circular multipole; p is coefficient that determines the weight contribution of a cylindri-

cal field. Connecting multipole components of different order (quadrupole, hexapole, sextupole, etc.) to a
basic cylindrical field leads to the synthesis of a wide class of various axially symmetric fields, among which
variants of mirror analyzers schemes with improved quality of angular focusing can be found.

Earlier, the calculation of structures of electrostatic quadrupole-cylindrical fields (QCF), synthesized
based on the sum of a basic cylindrical field and axially symmetric cylindrical quadrupoles of various types,
was given in [3]. Equipotential portraits of quadrupole-cylindrical fields of various types are presented. The
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analysis of the obtained equipotential portraits of QCF was carried out. It is established that an electron mir-
ror with QCF, having potential

U,(r,2)=U,(u+2z)lnr, )
is more accessible for analytical study of its electron-optical properties and for building on its base a
highluminosity energy analyzer. It is noted that this QCF at the valuept=1, coincides with the well-known

Wannberg’s field, proposed for the development of a device operating in a spectrograph mode [4]

v=—""__(1+4z)n”, 3)

In(r;/7,) 2
where A is a small dimensionless parameter. The presence of a small parameter A4 gives an additional
degree of freedom in choosing the desired distribution of the electrostatic field and expands the ability to
search for the most optimal analyzer scheme based on QCF.
The results of numerical modeling of electron-optical schemes of QCF-energy analyzer are presented
in [5, 6]. Corpuscular-optical parameters of schemes with various parameters A4 are calculated.
The investigated QCF is formed in the space between two axially symmetric coaxial electrodes, the in-

ner of which has a cylindrical shape (radius 7; ) and is under the Earth potential, and deflecting potential U,

In
is applied to an outer electrode having a curvilinear profile » = 7, exp[%} (Fig. 1).
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Figure 1. An electron-optical scheme of the QCF-mirror analyzer

Calculation of characteristics of QCF (3) is presented below, this calculation is performed on the basis
of the analytical method for calculating of trajectories, proposed earlier in [7, 8], According to this method,

the coordinate system X,& is located at the turning point m of the trajectory, and from this point the
counting of the left and right branches of the trajectory, asymmetrical about the axis X , begins. Here and in
the future, all linear dimensions will be kept in shares of the radius 7, of the inner cylindrical electrode.

r_(+p,)n x5

z=z ng, —= =R-x, R=1+p,. “4)
% " "
The distribution of QCF (3) in coordinates x,&is as follows
U = UlAz(x,é) =U,0(1 £pd’t)n(R-x), %)
A
here R = 1= 1 ,o=(1-Az |/In(r/r), A4 =
W ere ’;) +pm ( m,)/ (1/0) l_AZ

The solution of equations of motion in the field leads to the following integro-differential equation of
charged particlemotion in QCF (3), in which it is temporarily assumed that 4=+4" [7, 8].
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and the condition of connection the left and right branches of the trajectory at the turning point m

P (A)cotz(x—A'f _P’ (A)cotzoc1 +Af (7
1 my 2 m,
Pm P2
where S, = I In(R-x)E'dx, P’ (4)= . A is reflection parameter for the left branch;
: - Az
0 m
P sin? : .
PX(4) = . s'm > % s reflection parameter for the right branch and P = Kln L sin o is the pa-
2 1-4z sin“a, ©oqU (1 ’

rameter connecting the geometric and energy characteristics of the reflection of a cylindrical mirror analyzer
[8]. In these formulas, the number 1 in the subscript corresponds to the functions for the left branch; the
number 2 corresponds to functions of the right branch of the trajectory.

The radial component R=1+p, of turning point of the trajectory is determined from the integro-
differential equation (6) provided that x=p, , (g’)2 = cot’a,, and is reduced to the following expression to
determine R

InR = B’ (4)cot’a,,ud'f, . (8)

The inclination angle of the trajectory at the exit from the field (3) is determined from the condition of
connection of the trajectory branches at its vertex

B’ (A4)cot’ a, -I—A'(fm1 +fmz) ~ Pcot’ a, +A(fm] +fmz)
P (4) - R-A(f, 4 1)

Integrating equation (6) by an approximate-analytical method of decomposing a quantity & into a frac-

o

tional-power series & = Jx Zc X +Za x [4, 5], using the method of successive approximations for
n=0 n=1

cot’ o, =

)

determining R , we obtain the equations for the basic electron-optical characteristics of QCF. The parameter

R, = exp(Pz) of a cylindrical mirror analyzer [9] is used as a zero approximation in the determination R .

Final results of the calculation of characteristics p,, =R—1and&,, obtained as a series expansion by the
magnitude of reflection parameter P up to order 12 inclusiveare presented below:

1 1 1 2 14 71
= 1+p+=p'+=p'+—p'+. . || Zp +—=p°+—p*+ .. |x
P, ( PPttt ARSI ATy
(10)
xcotot, - A+ (i LN j+( UL jcotza A
’ 187 Toof T ) T\ P Tgs B T )P

is the radial coordinate of the trajectory vertex in the field (3);

E = (4p2—§p4—%p6—%p8+...j~cotao—

NS 70 e B s V(10,0 128 6 (2170 s Voot | a+ (11)
3P T P TP T 3P Ts P s P ’

32 o 7744 128 o 512 3 2
+|—p +——p +..|-cota, + | —p +——p +..|-cot'a, |-4
K 3 P 315 P j ’ ( 9 P 15 P ’
is the projection of the trajectory on the symmetry axis z of the mirror in the area from i'toi" ;
, 16 16

4 4 6 2
cota,, = coto,. —|—p " +—p +—p +...|-| l+cota |-A+

16 , 128 , 869 3 2
+||—p" " +—p +—p° +... || cota. +cot’a -A
K 3P 75 Tge? j [cote, ]

is the inclination angle of the trajectory at the exit from QCF.
The total projection of the trajectory on the symmetry axis of a quadrupole-cylindrical mirror from the
source to its image is the sum of the projections of the trajectory in the mirror field and in the region of the

(12)
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inner cylindrical electrode

=L
e

= A, cota, +& +Aycota,, (13)
where A, A, are values of distance of the source and its image from the surface of the inner cylindrical

electrode, which are considered positive in direction from the radius 7, .
For the analysis of characteristics of an electrostatic QCF-energy analyzer, aberration coefficients of

3

spatial focusing of the 1%, 2" and 3™ orders were determined: — @ lz Y a1 l

da’ do’ " do’

dl d
—=A,|1+cot’a, [+—2 +A — (cota 14
£ [ Jo 2o, Lo g
2 2 2
5(1[2 = 2Acota,, [1 + CO'[ZOLO:I + d—% daz (cota,); (15)
d’l : tq 1485 A4

/ e —ZA[I +4cot’a, +3cot a0]+ Tt A o (cota, ). (16)

Due to the awkwardness expressions for aberration coefficients, here only formulas defining the magnitude

. dl .
of first order aberratlonsd— are given.
o

ﬁ:(—4P2—§P4 16P ﬁp*‘ j (8134 136 ??Pg)cotao

do 15 105
- £P6+@P8+... cotot, + 32P4 512P @P8+... cot’ol, | A4+ (17)
5 315 3 15 105
+ (_21)6_wpg+mj+(£P6+ﬁp8+...jcotza0 (128P6 S2p +...jc0t40t A
3 315 3 45 3 3
d B 2 32 4, 64 o 256 3
%(cotal)——[l+cot 0c0] (ISP EP +%P [cotoco-i-cot a0]A+
(_E#_%Ps_@])smj [@Ps TP Jsoro, + (18)
30 150 126 15 63 P
o[ L0p 12 ps BB b ot
3 15 126

. . : . dl Ao .
The magnitude of the linear dispersion in energy D zd— (where ¢ z—wls the value of the relative
€ )

energy spread in the particle beam) is determined by following expressions

A de d
D=L _5 A% (cot 19
de de ds(coal)’ (19)

where
a5 (41)2 136 prallpe 185 .)cotoco + (SP“ 136 P°+ fz ngcotzao -

de 5 105
([ Lope L0 ps 236 s ) (32 p 128 ps BTO4 s cot’a, |A+ (20)
3 15 21 3 5 315

J{(BZP6 JF%P8 +...)c0toc0 + (%Pé +%P8 + ...jcot%c}lz.
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i(cotocl) = —(EPZ +£P4 +ﬁP6 +2P8 +...j[1 + cot2a0]A+
de 3 15 35 945

—Eptﬁph@ﬁ‘—... + @P6+—1738P8+... cot’a, +
3 15 126 15 63 7

21
+ 2})44_%})64.@])84-.,. I:COt(XO+C0t3(XO:| ( )
3 5 63

Table shows the basic electron-optical characteristics of QCF-energy analyzers for schemes with
A=-0.01, A=+0.01, 4 =0, calculated depending on the entering angle ¢, and reflection parameter P,

2
and satisfying the conditions of second-order angular focusinga = j(xé =
Table
Electron-optical characteristics of QCF
A=10,01 a, . . A:AI TA, o, l:£ D:ﬂ 4%
degree 2 degree % de do’

35 0.4315 | 0.2042 0.2131 35.1638 | 1.8068 1.3430 -4.5463

36 0.4825 | 0.2615 0.2770 36.2123 | 2.2503 1.7140 -5.5699

37 0.5324 | 0.3266 0.3519 37.2686 | 2.7382 2.1391 -6.7186

38 0.5817 | 0.4011 0.4409 38.3345 | 3.2815 2.6317 -8.0431

39 0.6312 | 0.4871 0.5478 39.4123 | 3.8955 3.2104 -9.6113

40 0.6812 | 0.5871 0.6779 40.5050 | 4.5983 3.8980 -11.5073

41 0.7322 | 0.7047 0.8382 41.6166 | 5.4151 4.7267 -13.8498
42 0.7848 | 0.8446 1.0391 42.7529 | 6.3806 5.7410 -16.8080
43 0.8394 | 1.0135 1.2952 43.9216 | 7.5437 7.0046 -20.6319

=0 35 0.4249 | 0.1979 0.2069 35 1.7560 1.7560 -4.3979
36 0.4743 | 0.2522 0.2677 36 2.1787 2.1787 -5.3537

37 0.5221 | 0.3133 0.3382 37 2.6383 2.6383 -6.4048

38 0.5690 | 0.3823 0.4207 38 3.1430 3.1430 -7.5887

39 0.6154 | 0.4605 0.5179 39 3.7025 3.7025 -8.9484

40 0.6618 | 0.5496 0.6339 40 4.3289 4.3289 -10.5368

41 0.7083 | 0.6516 0.7718 41 5.0366 5.0366 12.4187
42 0.7552 | 0.7690 0.9389 42 5.8440 5.8440 -14.6779
43 0.8028 | 0.9049 1.1424 43 6.7740 6.7740 -17.4230

A=-0,01 35 0.4187 | 0.1920 0.2012 34.8446 | 1.7091 1.2765 -4.2629
36 0.4665 | 0.2437 0.2592 35.8001 | 2.1128 1.6186 -5.1590

37 0.5126 | 0.3014 0.3260 36.7491 | 2.5487 2.0047 -6.1321

38 0.5575 | 0.3658 0.4031 37.6908 | 3.0216 2.4424 -7.2061

39 0.6016 | 0.4378 0.4929 38.6239 | 3.5392 2.9429 -8.4146

40 0.6452 | 0.5188 0.5979 39.5466 | 4.1102 3.5193 -9.7950
41 0.6885 | 0.6098 0.7215 40.4572 | 4.7442 4.1873 -11.3896
42 0.7317 | 0.7127 0.8677 41.3534 | 54534 4.9669 -13.2524
43 0.7749 | 0.8291 1.0416 42.2323 | 6.2517 5.8820 -15.4467
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Here the following parameters are presented: 7, is the radial coordinate of the trajectory vertex in the mir-

A +A, . . o
ror field; A Zfls the value of the average total distance of the source and its image from the surface of

. o S : . . dl
the inner cylindrical electrode, which is determined from the condition of first order angular focusing: o =0,
o

A= 23/{1 +coto, — j—a(cotal )} : (22)

Table also presents: o, is the exit angle of the trajectory from the mirror field; / = L is focal length and

e
3

dl . N . . . . .
D= e is the value of the relative linear dispersion in energy, ol is cubic angular aberration.
€ o

The analysis of the data of the Table shows that in the mirror energy analyzers based on QCF in a wide

range of parameter values P and 0, the second order angular focusing regime is implemented. With an in-
3

crease of P and o, parameters, an increase of the cubic angular aberration is observed, which leads to a

(X,S
decrease of the resolution of the analyzer.

Comparing of parameters of the schemes with different values 4 shows that the angular aberrations of
the analyzers with 4 < 0, the outer electrode of which has an increasing exponential profile, are smaller than
those of QCF-analyzers with 4 > 0and less than those of the mirror analyzer corresponding to the schemes
with 4 = 0 . This means that mirror analyzers based on QCF with improved electron-optical characteristics
must be chosen among the schemes with 4 < 0.

At small values of the parameter 4 , the profile of the generator of the outer electrode is approximated
by a sloping straight line, which allows replacing the outer exponential electrode by conical one. In the
scheme of the most optimal energy analyzer based on QCF, presented in Figure 1, the improving of resolu-
tion by 30 % is achieved by using an outer deflecting electrode in the cone form with a small angle of incli-
nation of the generator line.

Thus, equations for the trajectories of charged particle motion in an electrostatic QCF are determined.
The general parameters that determine the electron-optical properties of quadrupole-cylindrical analyzers are
calculated. It has been established that for all the QCF schemes with4=0.01, 4=0, 4=-0.01 a second-
order angular focusing regime is performed, and the best focusing schemes correspond to analyzers
with 4 =-0.01, in which an outer electrode has an increasing exponential profile at a small inclination angle
of the generatrix.
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KBaapynoJbai-umJImHAPIIIK OPiCcTiH 3J1eKTPOHAbI-ONTHKAJIBIK
CUNIATTAMAJIAPBIH ecenTey

Makasa 3JIeKTPCTaTHKANbIK KBaJIPYIIOJIbIi-IMIHHAPIIK OPICTIH AICKTPOH/BI-ONTHKAIBIK CHIIATTaMAaIapbIH
ecentey MEH Taljayra apHalFaH. 3epTTey HbBICAaHbl KBaJPYIOJBAI-IWIMHAPIIK epic HeTi3iHIe IHeprus
TaJJAFbIIThl KYPacThIpy OOJIBIT TaObLIAAbl. DJIEKTPCTATHKAJIBIK KBaJPYHOJIBII-IMINHAPIIK OpiCTepAiH
KYPBUIBIMBI 0a3aJiblK LMJIMHAPIIK ©Opic IMeH OChTIK CHMMETPHSUIBIK LMIHHAPIIK KBaAPYIOJIbISPAIH
CYIEpIO3NIMACH  HeTi3iHme anblHFaH. KBaapymonbIi-IMIMHAPIIK  OpICTIH  3JIEKTPOHIBI-ONTHKAIBIK,
CUIIATTaMallapblH  €CeNTey 3apsATafaH  OeNIIEKTepIiH KO3FAIBIC TPAeKTOPHSUIAPBIH  €CeNTeyMiH
AQHAIMTUKAIBIK dJici Herizinae xypriziareH. KBampymnosibi-IMIMHAPIIK epicTe 3apsaTajiraH OeniiexTep
KO3FaJIbICBIHBIH AU((epeHIHaTIbIK TeHACYICPIH HHTETPANIAY KOHE TPASKTOPHS TEHACYIHIH aHATMTUKAJIBIK
curarTay eceli IemIred. 3apsaTanFal OeJIIeKTiH KO3/ICH OHBIH KECKIHIHE JCHIHT1 KO3FAllbIC TPACKTOPHS
TIPOEKIMSACHIHBIH €CenTeNyi Xyprisimren. EkiHmi perri OYpBINTHIK TOFBICTAY MIAPTTapbIH AHBIKTANTHIH
HeTi3ri abeppanysulblk KOd(QQUIMEHTTep eCeNTeNreH. DHEeprusl Tajjay YIIIH KBaapyIIOJbIi-IIIIHHAPIIK
aifHaHBIH €H THIMAI CYJI0aChl aHBIKTAIIBL.

Kinm ce3dep: >IEKTPOHABIK CIEKTPOCKONHMS, KBaAPYIOJIbIi-LMIMHIAPIIK ©piC, KBaJpyNoib, SHEPIus
TaJIIaFBIIIBI, YJIEKTPOH IBI-ONTHKAJIBIK CHITaTTaMalIap, SJIEKTPOH/IBI-ONTHKAIIBIK CYJI0a.

A.O. Caynebekos, A.A. Tpyouuss, XX.T. Kambaposa

Pacuer JIEKTPOHHO-OIITHYCCKUX XaPAKTCPUCTUK
KBaJIpYNOJbHO-ITNJTUHAPUICCKOI0 MMOJIsd

CraThsl TIOCBSIIEHA PAcUeTy M AHAIN3Y JJICKTPOHHO-ONTHYECKHX XapPAKTEPHCTHK SJIEKTPOCTATHIECKOTO
KBaIPyNOJIbHO-IIMINHAPHYECKOTO Touisi. OOBEKTOM HCCIIEI0BAHUS SIBISIETCA Pa3paboTKa SHEproaHaan3aTopa
Ha OCHOBE KBaJAPYyNOJIbHO-UMINHAPHYECKOro moist. CTpPyKTypa 3IEKTPOCTAaTHUECKUX KBaJIpPYMOIbHO-
WIMHAPUYECKHX TOJNeH TIOJdydeHa Ha OCHOBE CYNEpHO3UINH 0a30BOTO IMIMHAPUYECKOTO OIS
M OCECHMMETPUYHBIX MMIHHAPHIECKUX KBaApymojed. PacdeT SIeKTPOHHO-ONTHYECKHX XapaKTEPHUCTUK
KBaJPyNOJIbHO-IMIMHAPUYECKOTO TIOJIS BBHIOJHEH HA OCHOBE aHATUTHYECKOTO METOJa pacueTa TpaeKTopuil
JBI)KCHHMS 3apsKEHHBIX 4YacTHLl. PelleHa 3ajaya HMHTErpupoBaHus IuddepeHunanbHbIX ypaBHEHUH
JBIDKEHHS 3apsDKCHHBIX YaCTHI] M aHAJUTHYECKOTO ONHCAHMS TPAEKTOPHOTO YpaBHEHHS B KBaJAPYIOJIBHO-
IIMHAPUYIECKOM I10je. BEITONIHEH pacueT NPOSKIMH TPAacKTOPHUH JBIKEHHS 3apsDKCHHON YaCTHIBI OT
UCTOYHHUKA JI0 ero n300paxkeHus. PaccunTaHbl OCHOBHBIE abeppalMOHHbIE KOI(Q(UIHEHTHI, ONpeAeNsIoNHe
ycoBHsl YII0BOi (okycupoBku BTOporo mopsaxa. Halimena HanGonee onTumanbHas IS 3HEProaHaansa
cXeMa KBaJpYIOJILHO-IIHIMHIPUIECKOTO 3epKaa.

Knoueswvie cnosa: OJICKTPOHHAA CHEKTPOCKONMA, KBAAPYNOJIbHO-ITUIMHAPUYICCKOE 1I0JIC, KBA/IPYII0JIb, SHEP-
ToaHa/IM3aTopP, SJICKTPOHHO-OIITHICCKUEC XapAaKTECPUCTHUKU, SJICKTPOHHO-OIITUYCCKAsA CXEMa.
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