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Study of dimensional dependencies of thermodynamic characteristics
of nanoparticles

In the article some approaches to the theoretical description of the deviations of thermodynamic
characteristics, such as the heat capacity and the Debye temperature for nanoparticles are considered. The
standard Debye inference for the heat capacity of massive crystalline solids was investigated for its
modernization in order to take into account surface phenomena of considerable weight for nanoparticles.
Unlike massive samples, not only the upper limit of possible frequencies but the lower one starts to matter for
nanoparticles. Indeed, in principle, elastic waves with a wavelength greater than the size of the crystal itself
cannot arise in a crystal. The equation obtained shows that the thickness of the surface layer of an atomically
smooth solid is determined by one parameter — the atomic (molecular) volume of the element, which
changes in accordance with the periodic law of D.I. Mendeleev. The equation in its final form, despite its
simplicity, shows good agreement with the experimental data
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Introduction

The beginning of the 21st century laid the foundation for nanoscience as a whole [1-8]. The main dif-
ference from massive crystalline bodies is dimensional factors [9-13]. It is believed that a necessary condi-
tion for the manifestation of nanostructured properties of a condensed medium is the size dependence of its
physical properties [14]. «Normal» size effects are associated with the contribution of surface energy to
Gibbs energy. They are called size effects of the first kind (according to L.M. Scherbakov [15]). Such size
effects are characteristic of any systems and are determined by the scattering of quasiparticles (electrons,
phonons, etc.) at the boundaries of the system.

Phase size effects (size effects of the second kind) are determined by the entire collective of atoms in
the system (collective processes). Such size effects are observed only in nanoclusters and nanostruc-
tures [16].

In addition to these classical size effects, there are quantum-size effects [17] associated with the quanti-
zation of the energy of charge carriers whose motion is limited in one, two, or three directions. The presence
of quantum size effects imposes fundamental restrictions on the use of ultra-small nanoelectronic ele-
ments [18]. Quantum-size effects are observed when the size of the structure is comparable with the de Brog-
lie wave (~ 0.01-0.1 nm).

In the molecular-kinetic theory of an ideal gas, the concept of temperature is closely related to the con-
cept of thermal equilibrium. Bodies in contact with each other can exchange energy. The energy transferred
from one body to another by thermal contact is called the amount of heat. Thermal equilibrium is a state of a
system of bodies in thermal contact, in which heat transfer from one body to another does not occur, and all
macroscopic parameters of the bodies remain unchanged. Temperature is a physical parameter that is the
same for all bodies in thermal equilibrium. The possibility of introducing the concept of temperature follows
from experience and is called the zero law of thermodynamics.

In this paper, we consider some approaches to the theoretical description of the deviations of thermody-
namic characteristics, such as heat capacity and Debye temperature, for nanoparticles.

Heat capacity of nanoparticles

The Debye approach to deriving the heat capacity of a crystal is based on calculating the total number
of phonons at a given temperature [19]. Namely, if we take into account only the harmonic approximation of
the interatomic potential, then the internal energy can be represented as
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Considering phonons as a gas of boson particles, and taking into account possible degeneracy, we get
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U= +—|ghv, . 2
Z‘(exp(hvi/kT)—l 2jg’ ’ )

In contrast to the photon gas, in this amount there is an upper limit on the frequency due to the size of
the atom. In order of magnitude, this limit should be equal to v, =u/d , where u is the phase velocity of
the waves in the crystal, d is the size of the unit cell. More precisely, the limiting frequency is sought from
the equality of the total number of phonons N,Av, to the number of vibrational degrees of freedom of the

crystal 3N —6 = 3N . Moving from the summation over frequencies to the integration according to the stand-
ard scheme, we obtain the following expression for the maximum frequency and the characteristic Debye

temperature 6 =hv_, /k,.
3
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The problem of the need for the dispersion equation Debye bypassed the introduction of some constant
velocity averaged for longitudinal and transverse waves u . Thus, expression (2) is reduced to the integral:
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where the variable x = hv/k,T is entered. The second term in this expression is due to the vacuum energy,

or zero vibration modes. The resulting expression agrees well with the experiment in two ranges, 8 << T and
0 >> T, when the assumption made about the form of the dispersion equation turns out to be applicable. In

the first case, after approximation of the exponential in the form e* =1+ x, we obtain for the internal energy
and heat capacity of the expression:

U =3Nk,T +3k,NO, C, =3Nk,. %)
In the second case, when 0 >> T, the upper limit in the integral is replaced by oo:
o 3 4
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Accordingly, we obtain:
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Unlike massive samples, not only the upper limit of possible frequencies and the lower one starts to
matter for nanoparticles. Indeed, in principle, elastic waves with a wavelength greater than the size of the
crystal itself cannot arise in a crystal. Thus, instead of the expression (4) for nanoparticles, one would have to
write
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where x, = —2% =—— is the lower limit determined by the characteristic size of the nanoparticle /. It is
kT kylT
convenient to express this expression in the form (9):
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For the analysis it is necessary to make some assumptions about the ratio 7 and 6 . If we assume that
T <<8,but T'>>hv_, /k,,then we arrive at the expression
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For the heat capacity of nanoparticles, we obtain the expression
_A8TVk,T®  12nVk,v,

TS u’ - (1
Given that you can take v, =u /[, we get
_A8TVk, TP 127k,
s P (12
At high temperatures 7 >> 0 we get
C, =3Nk, - 12’;?‘3 . (13)

However, V /I’ =1. Consequently, taking into account the existence of a minimum frequency leads to
a «subsidence» of the heat capacity of bodies by about 12nk, .

For massive samples, this value has no practical value. However, for nanoparticles, this amendment
contributes. It is easy to see that at high temperatures, it reaches 10 % with the number of atoms in the nano-
particle of the order of 100.

At temperatures well below the Debye temperature, its relative weight becomes much larger.

Note that the theory used is not a quantum one and does not allow conclusions to be made regarding
ultra-low temperatures.

Debye temperature for nanoparticles
The Debye temperature is derived from the equality of the number of phonons and the number of
degrees of freedom of the sample.
12ny [ viav=3n-6=3N (14)

u
o

Where we get expressions (3). In the case of nanoparticles, as noted above, this integral should have a
lower bound v, =u//. In addition, in view of the relative increase in area relative to volume, the number
of degrees of freedom must also be recalculated. Roughly, the number of degrees of freedom of a spherical
nanoparticle can be estimated as follows. Let d be the size of the unit cell. Then the ratio of the volume of
the surface layer of the nanoparticle V,, taken as having a thickness d, to its volume:

2
V,_ _4nRd__3d _N, 15)
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where N /N is the ratio of the number of atoms on the surface of the nanoparticle to the total number of
atoms. If we assume that for atoms of superficiality one of the vibrational degrees of freedom is degenerate
(for the time being we neglect «surface phononsy), then the total number of degrees of freedom of nanoparti-
cles will be less by N . For the Debye temperature we have, therefore,

L2ny [ viav= 3N—%N. (16)

u v

After integration, we obtain the expressions for v and the Debye temperature for nanoparticles

X
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Considering that the difference between the orders v, and v . is quite significant
Vome oL 103106, (18)
Vv
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We can neglect the second term in (17) and accept the expression

[ d
0,.,.,=031-——. 19
nano R ( )

Cepusa «dusmka». Ne 2(94)/2019 37



V.M. Yurov, V.V. Arkhipov et al.

The thickness of the surface layer of crystals

In [20], we showed that the thickness of the surface layer of an atomically smooth solid is:
d=0,17-10"-v. (20)

Equation (20) shows that the thickness of the surface layer of an atomically smooth solid is determined
by one parameter — the atomic (molecular) volume of the element, which changes in accordance with the
periodic law D.I. Mendeleev.

The values of the parameter d for some metals are given in Table 1. The experimental value for atomi-
cally smooth surfaces of gold crystals obtained in the geometry of sliding x-rays is 2.4 nm [21]. This almost
coincides with Table 1.

However, the size dependence of the physical properties of solids begins at h=10d.

Equation (19) shows that in coordinates *(6 /@)—1=1/R we get a straight line giving the values of

nano

d.In Table 1, d values can be compared.
For the dimensional dependence of the physical property of a solid A(r), we obtained the rela-
tions [22]:
A(r)=A0~[1—£j. 21
r
Here, A, is equal, in particular, to the melting point 7 . According to Lindemann [23], when the oscil-
lation amplitude reaches a certain critical (magnitude) fraction of the distance between the equilibrium posi-
tions of the atoms, the oscillations begin to interfere with each other.
As a result, the crystal becomes mechanically unstable. For the melting point, he obtained the following
expression:
T =cv, V- M=c-0V" M, (22)
where V' is the molar volume, M is the mass of the atom, v, is the characteristic frequency, 6 is the De-

bye temperature, ¢ and ¢’ are constant, which are assumed to be the same for crystals with similar struc-
tures. The verification showed that the Lindemann equation (22) is justified only for metals with the structure

of the HCP, FCC and partially BCC. From equation (22) it follows that 7, ~0°, and from equations (21) and
(19) it follows that T, ~6°.

Table 1
The thickness of the surface layer of some metals [20]

M d, nm M d, nm M d, nm M d, nm M d, nm M d, nm
Li 0,7 Sr 5,8 Sn 1,4 Cd 1,3 Fe 2.2 Gd 5.3
Na 1,5 Ba 6,2 Pb 1,8 Hg 0,6 Co 2,0 Tb 5,3
K 2,6 Al 1,5 Se 1,3 Cr 2,7 Ni 1,9 Dy 5,3
Rb 2,9 Ga 0,6 Te 2,5 Mo 4,6 Ce 3,8 Ho 5,5
Cs 3,6 In 1,1 Cu 1,6 w 5,8 Pr 472 Er 5,5
Be 1,3 Tl 1,9 Ag 2,2 Mn 2,0 Nd 4.5 Tm 5,2
Mg 2,2 Si 3,4 Au 2.3 Tc 3,6 Sm 4,4 Yb 4,6
Ca 4,9 Ge 2.8 Zn 1,1 Re 4,6 Eu 5,8 Lu 5,7

In [24], the Lindemann equation was refined:

AS
mezV”Z(l + % + 21{ j 3R
T, = 7 > (23)
de,(1+v)-(1-2v)"?-(1+0)

From equation (23) it follows that 7, ~ 6°~0’, which is close to equation (19).

In nanomaterials, as shown by experimental data, the Debye temperature decreases in comparison with
large-crystalline samples. The reason for this is the change in the form and boundaries of the phonon spec-
trum of a small crystal. A decrease in the Debye temperature associated with a decrease in particle size has
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been observed in many studies [25]. The dependence of the Debye temperature of small particles on their
size is shown in Table 2.

Equation (19), despite its simplicity, shows good agreement with experimental data. In this case, it is
necessary to take into account equation (20) that the thickness of the surface layer of an atomically smooth
solid is determined by one parameter — the atomic (molecular) volume of the element.

Table 2
Debye temperature dependence of small particles on their size

6. /0, 6. /0,
Metal | R, nm nano nano
experiment [25] | by equation (19)
Au 10 0,920 0,917
Ag 15 0,910 0,920
Pb 6 0,830 0,836
\Y% 6,5 0,860 0,858

The Debye temperature divides the temperature scale into two regions: low-temperature, where not all
frequencies of the lattice vibration spectrum are excited, and high-temperature, where all frequencies are ex-
cited. This division is arbitrary, since the transition from one region to another in a three-dimensional crystal
is not sharp. The crystal size (in the one-dimensional case, the length of the atomic chain L) determines the
wavelengths A; of the excitations. The energy produced by the excitation at a length A; depends on the num-
ber of excitation photons at this wavelength. The number of quanta is related to the magnitude of the exciting
factor, for example, to temperature. The energy of a single quantum depends on both A; and the lattice pa-
rameters.

Conclusion

In general, the described approach is quite obvious and there is a large number of its variations. Howev-
er, comparison with experimental data for all variations of this formula is rather qualitative. The problem,
apparently, consists in significant abstraction of the task. The studied nanoparticles do not have an ideal
spherical shape and uniform size. This circumstance should introduce significant errors.

The work was performed under the program of the MES RK. Grants Ne 0118PK000063 and Ne O.0781.
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B.M. IOpos, B.B. Apxunos, I'.A. Panosa, B.Y. Jlaypunac

HanoOeJ/mexrepaiH TEPMOAMHAMHUKAJBIK CUNIATTAMAJIAPBIHBIH MOJIIEPiHe
TIYeJALTIKTEPIH 3epTTey

Makanaza TepMOAMHAMUKANIBIK CHIIATTaMAJIapJIbIH aybITKYJIapbIHBIH TEOPUSJIbIK CHUIIATTAMACBIHA KATHICTBI
Keibip Ke3KapacTap, MBICAIBI, JKbUTYyCHIHBIMIBUIBIFEI XoHEe HaHoOemmektep ymin [lebail Temmeparypacs
KapacTeIpblUIFad. HanoOesmekrep yIIiH aiTapibIKTail caaMarbl 6ap 0eTKi KyOBUIBICTApAbI €CenKe aly YIIiH
OHBI JKaHFBIPTY YIIIH KeJeMJI KPUCTAJIBIK ACHENep/iH >KbUIyCHIHBIMIBUIBIFBIHA apHaimFaH JleGaiiasiy
CTaHJapTTHI MBIFapBUIBIMBI 3epTTeni. Kexemui yirinepaeH alblpManibUIbEG], HAHOOOIIIEKTEp YIIiH MYMKIH
JKUUTIKTEp/IH JKOFapFbl ILIEri FaHa eMec, TOeMeHri umreri Je MaHb3abl. LIIbIHABIFBIHIA, KPUCTANIBIH
MOJIIIEPIHeH acaThlH TOJKBIH Y3BIHIBIFEI Oap ceprimIi TOJKbIHIAp KpUCTaiaa maiaa 6onMaiibl. AJbIHFaH
TEHJIeYy aTOMapibl Teric KarThl OETTiK KaOaThIHBIH KaJbIHIABIFBIH Oip mapamerpmern — J[.M. MenneneeBTix
HEPUOATHIK 3aHbIHA COHKEC ©3repTy IEMEHTTIH aTOMBIK (MOJICKYJAJbIK) KOJIEMIMEH — aHbIKTaJIaThIHBIH
kxepcereni. KopeITBIHIBI TeHISYAIH KapamaiibiM TypiHe KapamacTaH, SKCIICPUMEHTTIK JEPEKTEPMEH >KaKChI
KeNiCLIeTiHI KopceTiu .

Kinm co30ep: XbITyCHIHBIMIBUIBIK, JleOaii TeMIiepaTypacsl, HAHOKYPBUIBIM, KPUCTAJLI, AaTOMBIK KOJICM.

B.M. IOpos, B.B. Apxunos, I'.A. Panosa, B.Y. Jlaypunac

HccaenoBanue PasMEpPHLIX 3aBHCHMOCTEM
TCPMOAHUHAMUNYICCKUX XAPAKTEPUCTUK HAHOYACTHUIL

B craTthe paccMOTpeHBI HEKOTOPBIE MOAXObI K TEOPETUUECKOMY ONHCAHHIO OTKJIOHEHUH TepMOJIHMHAMUYe-
CKHMX XapaKTepPHCTHK, TAKMX KaK TeMI0eMKOCTh U TeMneparypa [lebas mis Hanouactuu. Mccienosan cTaH-
JIapTHBIH BeIBOA Jlebast Ul TEeINIOEMKOCTH MAacCHBHBIX KPHUCTAJUIMUECKUX TEN Ha IpeJMeT €ro MOJIEpHH3a-
LUy Ui ydera IOBEPXHOCTHBIX SIBJICHUM, MMEIOIIUX JJI1 HAHOYACTULl 3HAYUTEIbHBIH Bec. B oriauume or
MacCHBHBIX 00pa3loB A HAHOYACTHUIl HAYMHACT MMETh 3HAYECHHE HE TOJHKO BEPXHHH IPENeN BO3MOXKHBIX
4acToT, HO ¥ HWKHUU. JIeHCTBUTENBHO, B KPUCTAILIE HE MOTYT BO3HHMKATh YIIPYTUE BOJHBI C JUIMHON BOJIHBI
Goubllie pa3Mepa caMoro Kpucramia. IlomydeHHoe ypaBHEHHE MOKa3bIBAET, YTO TOJIIMHA MOBEPXHOCTHOTO
CJIOSl aTOMAaPHO-TIIAZKOTO TBEPJOro Tela OMpeeIsieTCss OJJHUM MapaMeTpoM — aTOMHBIM (MOJIEKYIISIPHBIM)
00BEMOM 3JIEMEHTAa, U3MEHSIOIIEMCS B COOTBETCTBHHU C NepuoanyeckuM 3akoHoM .M. MenzneneeBa. Ypas-
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HEHUE B OKOHYATCJIbHOM BHUE, HECMOTPSA Ha MPOCTOTY, MOKA3BIBACT XOPOLIEE COIIaCUe C SKCIIEPUMEHTAJIb-
HBIMHU JaHHBIMH.

Knioueswvie cnoga: TemnoeMKocTs, Temnepatypa Jledast, HaHOCTPYKTypa, KpHUCTall, aTOMHBIH 00beM.
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