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Solution of the deformed Schwarzschild metric by the Yang-Baxter equation

In this article, an open-closed string map formulated by Seiberg & Whitten was used to solve problems of
generalized supergravity, including the deformed Schwarzschild metric. For this task, found analytical
supergravity solution (deformed metric and NSNS (Neveu — Schwarz) two-form B,,-field). The solution was
obtained from antisymmetric bivector constructed from antisymmetric products of Killing vectors used as
components of the equation of motion. In the problem under consideration, the equations of motion are the
CYBE (classical Yang-Baxter equation), whose general solution can be obtained using the r-matrix. As a re-
sult, for the deformed metric, the Hamilton — Jacobi equation is obtained, the particle motion on the plane is
studied, with 6 = /2. So, we obtained several analytical solutions for the function #(¢), (7). Since these re-
sults are very voluminous for representations, we present the schedule the test particle from the function (¢),
which shows the centrally- symmetric motion of the particle in the Schwarchild field. As a continuation of
this work, it is possible to obtain a numerical solution for a function 7(¢), that has a complex integral for the
analytical solution of this problem. The theoretical meaning of the work is that CYBE derives from the equa-
tion of motion of the theory of gravity, thereby reducing the problem of determining the r-matrix, which is a
CYBE solution for generalized supergravity.

Keywords: Classical Yang-Baxter equation, Hamilton-Jacobi equation, open-closed string map, supergravity,
Killing vectors, B-field, NS sector, TsT transform, antisymmetric bivector.

Introduction

Yang-Baxter string sigma — models provide a systematic approach of deforming the geometry of coset
classes, like AdS,xS” while maintaining the integrability of the G-model. It was demonstrated that the

Yang-Baxter deformation in the target space for any geometry can be considered as an open-closed map of
the string. Considering the geometry as a bivector and an isometry group, which is determined by the linear
combination of antisymmetric products of Killing vectors, is possible to get the equations of motion general-
ized supergravity, which is equivalent to the classical Yang-Baxter equation (CYBE) [1].

Integrable deformations of G -models [2, 3] is possible to apply to string ¢ -model and AdS/CFT geom-
etries [4, 5]. So were investigated noncommutative [6—8] and marginal deformations [9, 10] of AdS/CFT

geometries: as a part of a larger family of integrable deformations of AdS,xS” geometries in which the
deformation is specified using the r-matrix for solving the CYBE.
In this work, we will try using the open-closed string map [11] as a simple, effective method for solution.
Let's take «open string data», which produced «closed string data» as a new metric g and B-field after
inverting single matrix. Dilaton is determined by 7-duality invariant and Killing vector / is a the divergence

of antisymmetric bivector @ [12]:
V0" =1
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Building the open-closed string map of Seiberg & Witten [13], which were write as:
(g+B), =(G" +6")™".
Here (g,B),(G,0) are respectively closed string and open string fields. The metrics g,G are symmet-
ric and B,© are antisymmetric counterparts.
Connection of the deformed solution ( g,,,,B,,,9) with the original solution (G,,,0",®) of NS sector
has the form [14]:
2, =(G'-0:-G-0);

B, = —(G"'-0)"-0-(G'+e); €]

o= —%m(det(l +G-0)).

In the above - denotes matrix multiplication and G and © are to be viewed as two matrices. The indi-
ces on © are lowered and raised by the metric G .
r-matrix solutions to the CYBE take the form [14]

r=%r”]} AT,

where 7, are elements of the Lie algebra, 7, € g . Here the bi-Killing structure of © is the 7 -matrix written

in the basis of Killing vectors.
For the object of the study we take the Schwarzschild black hole metric

2
ds* = —(1 ——2’"}1# 4= 2 (dg? +sin’gd6?),
r 1_2ﬂ

r

1t is convenient to write the metric in matrix in the form
-a 0 0 0

0 1/a O 0
o 0 0
0 0 0 K
We choose © to an antisymmetric product of Killing vectors:
O =—ecosO+Asin6;
0" =§+cotd(esin@+Acos0);
0 = 0.cos®—Pcotd+ysin6;

rewrite in matrix form

0 0 -D &+Z-M

0 0 0 0
Q=

D 0 0 N

-0-Z-M 0 -N 0
Made such replacements to simplify the calculation

a=1—2—m;
r

K =sino;

D=ec-cosO—A-sinb; )
Z =cotQ;

M =e-sinf+A-cosb;

N=o-cosO—[B-cot@+y-sin6.
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Using formula (1) we find the supergravity solutions (deformed metric, B-field)
ds® = LQ[(KzNzrzta2 +a’)dt +dr’ + <K2M222a2r4 +2K*MZa*r +

a
+K2a*8r — rzar)d(p2 +(D*K*a’r* —=r*K*a)dy’ —(K*MNZa*r* + K> Na*8r*)(dtd ¢ + d odt) — 3)
—Dr*Na’K* (dtd®+dedt) + (DK*MZa’r* + DK*a*&r*)(dpd 0 + dedq))],
the components of the metric tensor is more convenient to write as a matrix
a(K’N*r* +1) 0 _a(MZ+J3)K*r'N _ Dr'NaK®
Q Q Q
0 1/a 0 0
8=\ a(MZ+3)K’r'N (K*M*Z*ar® +2K*MZadr* + K*ad*r* —=1)r*  r*Da(MZ +8)K?|» (4)
Q Q Q
_ Dr*NaK’® 0 r*Da(MZ + §)K? (D*ar’ -1)r'K’
Q Q Q
where
Q=K’M*Z’ar’ +2K’MZadr* — K’ N°r* + K*a&r* + D’ar’ —1. 5)
2 4 -2 2 2
BWJ‘IDthd(pHKNd<pAde+MdeAdt; (6)
Q
0 0 r*aD 3 r*aK*(MZ +8)
Q Q
0 0 0 0
B = 2 4 -2
_raD 0 0 r'K°N
Q Q
r*aK*(MZ +9) KN
Q Q
To determine the trajectory of a particle, use the Hamilton-Jacobi equation [15]
ax ds ds 2 2
————mc" =0. 7
dx' dx" @
With the metric tensor (4), eq. (7) takes the following form
2 2 2 2
(42 (] 3]
dt dr do do ®)
b0 B AS A5 dS | edSdS o dSdS e ds ds e dSdS 0o
dt do do dt dt do doe dt do do dodo
where g =g g% = g% g% = g%
By the general rules, the solution of the Hamilton-Jacobi equation s is sought in the form [16]
s=—et+Mo+s.(r), )
where € — energy and M — angular momentum are constant.
Substituting eq. (9) into eq. (8) we found
m2c? —(E)zg” +%gt(p _MZg(p(p
d(s,(r) _ c c
= (10)
dr g"
Lowering the indices of the components of the metric tensor, the eq. (10) is written
2 2
sr(r)=j m’c’ — f +2MS—M— g,.dr, (11)
C8: CE€u Eyp
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81‘
there we use the formula lowering and raising the indices of the metric tensor g, = —’; :
1 1 1 1
gn—?,gt‘p—g,gw—ﬁ,gw— o (12)
Using expression j—ﬁ; = const , from eq. (9) we can obtain AQ
d(s,(r))
AQ = const —————=, 13
0 y; 13)
substituting eq. (11) to (13) we will result in the following eq.
€ M | —
- T grr
( Cg(pt g(p(p ]
AQ = const — I dr. (14)

2. € 2Me M’
mce ———+ -
€8 8o 8yo
Since the integral in equation (14) is difficult to solve we take the derivative with respect to » from
both sides of the eq.

- =0 (15)
dr e & 2Me M®
czgll cg(pt g(p(p
that numerator of equation (15) can be reduced to zero
M
B g, =0. (16)

To simplify the problem, we consider the case when the motion occurs in one plane, that is, we can take
. T . . . . .
it 0= > since the field is central, then the replacements in eq. (2) will take this form

a=1—2—m;
r

K =sing;
D=-\; (17)
Z = cotq;
M =¢;
N=-B-coto+Y.
Substituting these expressions (17) into components g, g, &, » getting two equations (18), (19)
¢ +
c(1=2m/ r)(r*sin’p(y—Pcot )’ +1)
+ M -~
(e’ sin’Pcot’ (1 —2m / r) +2edr sin’pcot (1 —2m / )+ &1 sin’p(1—2m / ) — 1)r’
from this eq. (18) we get: #(¢) have 2 solutions, @(7) have 5 solutions.

0, (18)

) _ 2_ 4
1+sin"@(y—Pcote) r -0, (19)

g, Q= 7”262 sinz(pcotz(p + 2665in2(p cot (pV2 + 82 sinz(p?'2 + 7\,27'2 -
(1-2m/r)

from this eq. (19) we get: #(¢) have 5 solutions, @(7) have 8 solutions.

So we got some non-zero solutions that are complex and lengthy to write. We can demonstrate one of
the result graphically in Figure.
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Figure. Movement of test particle in deformed Schwarzschild field,
when o,B,7,0,A,e,m,e,M,c=1. The graph is built from a function (@)

Conclusion

Let us review what has been achieved. We consider AdS,xS> and Schwarzschild spacetimes and

found supergravity solutions for it, using an open-closed string map formulated by Seiberg & Whitten.The
solution is determined by a bivector, constructed from antisymmetric products of Killing vectors used as
components of the equation of motion. The main point of the work is that CYBE emerges from the equations
of motions of a gravity theory, thereby simplifying the problem of determining the r-matrix solution to the
CYBE.

As a result, for the deformed metric, the Hamilton — Jacobi equation is obtained, the particle motion on

the plane is studied, with 6 =§. We obtained some analytic exact solutions for the functions 7(¢) and ¢(r),

which are very long to write, therefore, we will provide only a graph of one of the solution. From the graph
of a test particle of function (@) is concluded: particle moving in a centrally symmetric Schwarzschild field
are obtained. It is also easy to yet a solution 7(¢), which contains an integral, difficult for an analytical solu-
tion.

Originally integrability was finded in string models on A4dS,xS? (which described are [3-defor-

mation). There are also integrable string theories that known as m,A -deformations, which are considered
models on AdS,xS”. In the case of n,A -deformations, the CFT (conformal field theories) construction

gives the NS-NS fields. For deformation our model wording for NS-sector, respectively. Following CFT we
must construction classical R -matrix for the selected model. The R -matrix is classical solution of CYBE.
Our work is based on the consideration of the integrability of model deformation (in our case, Schwarz-

schild black hole) geometry AdS, xS>, where the deformation is expressed through the solutions of the

R -matrix CYBE. When the model is deformed, symmetries are preserved, which is typical for CYBE.
The Hamilton—Jacobi solutions obtained from deformed metric (3) generated through the open-closed

string map give us the particle trajectory in the Schwarzschild black hole in geometry A4dS, xS>.

As the form of the particle trajectory is symmetrically different from the results of calculations of the
standard Schwarzschild metric. It can be seen from figure 1 that the particle trajectory obtained from the de-
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formed metric will look like a folding ellipsoid spiral, while the standard Schwarzschild metric gives the cir-
cle spiral.

For our case, it is deformed (squeezed) more than twice. The diameter perpendicular to it is com-
pressed, approaching the shape of the circle with time.

The work was carried out with the financial support of the Ministry of Education and Science of the Re-
public of Kazakhstan, Grant No. 0118RK00935.
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A. Meiipamb6aii, K.K. Ep>xanos

SIur-bakcrep TeHaeyiHiH daicTepi ApKbLJIbI aJIbIHFAH
HIBapummiba AeGopMallUAIAHFAH METPUKACBIHBIH HIeIIiMaepi

Makanaza OKaumbUIaHFAH — CyleprpaBUTauldsl — ecemTepi  ymrH, coHelH  imiage  [IBapumumbn
nedopmarusianFan Metpukacel yurin CeifHOepr jkoHe YHUTTOHMEH jKacalFaH alliblK-KaObIK IMIEKTIK KapTa
naiinananeliabl. byt ecen yIiH aHaIUTHKAIBIK CYNEPrpaBUTALMSIIBIK ILIEIIIM albIHAbI (HedopMalysiaHFal
MmeTpuka xkoHe NSNS (Neveu-Schwarz) exidpopmansl B,,-opic). Kosranbic TeHIeyiHiH KOMIOHEHTTEpi
peringe KoimaHeUIFaH, KWUIMHT BEKTOPIAPHIHBIH AHTHCHMMETPHSUIBIK KOOCHTIHHICIHEH KYpacTBHIPBUIFaH
AQHTHCUMMETPHSUIBIK OMBEKTOp MalfasIaHbIIIBL. KapacThIpbUTBIT OTBIpFaH ecenTe KO3FalIbIC TeH IeYIHIH jKall-
IIBI IIENIiMi #-MaTpUIbl apKbUIEl AJIBIHATHIH KIaccukanslK SIHr-bakcrep terneyi (KSABT) Gonsm tabbuiazsl.
KopbIThinbLTail Kenrenzae, AehopMansiianFal MeTprka yiuin ['amuibToH-SIko6u Tenaeyi ansiaran, 0 = 1/2
JKa3BIKTRIFBIHAA O6JIeK Ko3ranbickl 3eprrenreH. ConbiMeH Katap 7(¢), ¢(r) GyHKIMsIapabH OipHere
QHAJIMTUKANBIK 1enimaepi Oepiired. bys manimertep ote kenemai Oonranabikra, LBapimmiba epicinae
OOIIIEKTIH OPTaIBIK-CUMMETPHSUIBI  KO3FAIBICBIH KOpceTeTiH 7(¢) (GYHKIMACHIHAH alblHFAaH CBIHAK
OemmekTiH rpaduri faHa kepceTiani. OCbl JKYMBICTBIH JKaJIFaChl PETIHIEC €CEeNTi aHAIUTHKAJBIK IICIIYIiH
KYpJZeli MHTerpaibiHa nue #(¢) GYHKIUSICH YIIH CAaHJBIK IIemIiMl amyra Oomaasl. JKYMBICTBIH TEOPHSIBIK
MOHI KJacCHKalbIK SIHr-BakcTep TeHAEyl I'paBHTALMS TEOPHSCHIHBIH KO3Fasblc TeHaeyiHeH wmibiFbin, KSIBT
OICNIMI YIIH SKaINbUIAHFAH CYIEPrpaBUTALUsl OOJBIT TaOBUIATHIH, 7-MAaTPUIAHBI AHBIKTAY MiHACTIH
a3alTaTBIHBIHAA.
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Kinm co30ep: xnaccukanblk SHr-bakcrep tenaeyi, ['aMunbroH-SAko0u TeHaeyi, alllbIK-TYHBIK 1IIEKTIK KapTa,
cyneprpaBuranus, KwumHr Bextopaapsl, B-epici, NS-cextop, TsT typrenaipy, aHTHCUMMETPUSIIBIK
OMBEKTOP.

A Meiipamb6aii, K.K. Ep>xanos

Pemenune nepopmupoBannoii merpuku lIBapumuiabaa
MeToaamMu ypaBHenus fSura-bakcrepa

B craree mns pemeHust 3amad 0o0OOLIEHHON CyNeprpaBUTAIMU, B TOM YHCIE Ie(GOPMHPOBAHHON METPHKH
[IBaprmmibaa OblIa HCIOJIB30BaHA OTKPBITAs-3aKpbITas CTPYHHAs KapTa, copMyiaupoBanHas CeitHOeprom
u YurroHoMm. J{71s 3Toii 3amauu ObIIO MOTYYEHO aHATUTHYECKOE CYNEeprpaBUTALOHHOE pelieHue (aehopmu-
poBanHas Merpuka 1 NSNS (Neveu-Schwarz) nByxpopmuoe B,,-10JI€) C HCHOJb30BAHUEM AHTHCHMMET-
PHYHOTO OMBEKTOpA, TOCTPOSHHOTO M3 aHTUCUMMETPHUUHBIX NPOU3BEACHUN BekTOpoB KuitiHra, Hcmomib3o-
BaHHBIX KaK KOMIIOHEHTHI ypaBHEHHMs ABIKEHNUS. B paccMarpruBaeMoli 3aiaue ypaBHEHHE JIBIDKCHUS SIBIISICT-
csl KaccuueckuM ypaBHeHHeM SHra-bakcrepa (KYSIB), ube oflee pemenne MOXKHO IOIYIUTh ¢ MOMOIIBIO
r-Matpunsl. B urore, m1s neopmMupoBaHHONW METPUKH MOTYy4eHO ypaBHeHHe [ ammibTona—Skoown, ucciemno-
BaHO IBI)KEHHE YAaCTHIIBI Ha IUTOCKOCTH 1pH O = /2. KpoMe TOro, HaHbl HECKOJBKO aHATUTHIECKUX pelle-
Huid it Gyskumit 7(9), ¢(r). Tak kak 3TH JaHHBIE OYeHb 0OBEMHBI IS MPECTaBICHHH, TPOIEMOHCTPUPO-
BaH TOJBKO rpaduK NpOOHOU 4acTUIBI OT GYHKUUH 7((), KOTOPBIi MOKA3bIBACT LIEHTPAIbHO-CHMMETPUYHOE
JBIDKEHHE 4YacTHLBl B IIBApIIIMIBIOBCKOM mone. Kak mpomomkeHne 3Toil paboThl BO3MOXKHO TMOTYYHTh
YHCJIEHHOE pelleHne Mt QyHKIHUU 7(f), KOTOpOe UMEET CIIOMKHBIN MHTETpall JUIsl aHATUTHIECKOTO PELICHHS
3agaun. TeopeTHueckuii CMBICT pabOTHI 3aKJIIOYAETCS B TOM, YTO KlacCHUecKoe ypaBHeHHe Slnra-bakcrepa
BBITEKACT U3 YPaBHEHMs ABIDKCHHS TEOPHU TPAaBHTAlUH, TEM CaMbIM yMEHBINAs 3a1ady ONpeIeeHHs /-
MaTpHUIIbl, KoTopas seisiercs pemennem KY b mist 00001eHHO# cyneprpaBuTaiyy.

Kniouesvie cnosa: kmaccuueckoe ypasHeHue SHra-Bakcrepa, ypaBHenme ['ammibrona-SIko0OH, OTKpbITas-
3aKpbITasg CTpPyHHas KapTa, cyneprpaButauusi, BekTopsl Kwimuara, B-mome, NS-cextop, TsT-
npeoOpa3oBaHus, aHTUCUMMETPUYHBII OMBEKTOP.
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