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Displacement fields of a Cuboid crystal in
a Photoacoustic Cell: Mathematical aspects

Photo acoustic effect is popular due to a minimal sample preparation during execution, the ability to examine
scattering and opaque sample along with the capability to access depth profile. These features enable
Photoacoustic spectroscopy to be used in depth-resolved characterization of solids. Thermal interaction is a
basic perspective in solid state physics research regarding industrial devices and components. It is a key fac-
tor of fabrication and performance of such devices and components. Today, crystalline solids are widely
studied due to their wide scientific and industrial applications. Displacement field resulting in thermal stresses
is one of the important aspects of premature failure of industrial components and devices. In this paper, dis-
placement fields in photoacoustic effect with solid cuboid crystal are mathematically presented. According to
our opinion, displacement fields in photoacoustic effect in three dimensional analysis are not reported earlier.
Hence that will be a major contribution of this paper. For a simple cuboid homogeneous crystal kept in a
photoacoustic cell, an airy stress function is determined based on laser interaction with surface of the crystal.
By applying the finite Marchi-Fasulo integral transform method within the crystal size limitations, displace-
ment field is exactly determined.

Keywords: airy stress function, cuboid crystal, displacement field, energy transfer, light — matter interaction,
Marchi- Fasulo transform, non-radiative de-excitation, photoacoustic cell, photoacoustic effect.

Introduction

A displacement field is a scalar function which enables us to determine different stresses in an elastic
body by simple differentiation method. In this paper, an attempt has been made to calculate displacement
fields of a homogeneous isotropic cubic crystal kept in a modified photoacoustic cell. Determination of dis-
placement field will be helpful in the development of a methodology of application of displacement field to
stress determination in photoacoustic problems.

When incident radiation is absorbed by molecules of the target material, photoacoustic effect is generat-
ed [1-2]. Photoacoustic effect can be used in depth-resolved thermal characterization of materials [3].
The interaction of incident radiation with the atoms of the material in the crystal results in the generation of
heat [4]. This heat generation is applied to calculate displacement fields in the crystal. The Marchi-Fasulo
integral transform method is used here to calculate displacement fields in an isotropic cuboid crystal in
photoacoustic effect.

Initial theoretical explanation of temperature of solids during photoacoustic interaction was presented
by Rosencwaig [5]. A one dimensional model regarding heat flow and temperature was formulated by
Rosencwaig and Gersho [6]. McDonald and Wetsel published temperature calculations of photoacoustic
interaction in three dimensional model with restrictions on thermal waves in transverse direction [7]. Quimby
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and Yen primarily calculated the surface heat conductance in temperature estimation [8]. Chow developed a
three dimensional model in a general way without any restrictions on sample size in photoacoustic cell [9].
In the recent years, Merzadinova et. al calculated ambient temperature of a solid in thermal diffusivity de-
termination of structurally inhomogeneous, multilayer and composite solids in photoacoustic interac-
tion [10].

Situation of the crystal

Consider a cuboid crystal placed in a photoacoustic cell. The crystal is isotropic and traction free in na-
ture. This crystal is placed in a cylindrical cavity of a photoacoustic cell which produces a photoacoustic sig-
nal. The cell is air tight. Hence the cell has a constant volume of gas surrounding the crystal. The crystal is
irradiated by a proper modulated laser source. The crystal absorbs heat and generates photoacoustic signal.

The Photoacoustic effect is directly related with on heating of the sample due to the phenomenon of op-
tical absorption [11-12]. Periodic processes of heating and cooling of the solid sample are necessary because
it will develop pressure fluctuations should be generated in the cell [13]. These fluctuations can be detected
by a sensitive sensor.

In the process of modulated excitation, sources of radiation are used in which intensity fluctuates peri-
odically [14-17]. These fluctuations in the intensity of radiation are in the form of a sine wave or a square
wave. This is similar to mechanical chopping of a radiation source. To modulate the phase of the optical sig-
nal instead of its amplitude is the best way to overcome this method [18-20]. In Photoacostic analysis, the
most common sources are the use of modulated continuous wave lasers.

Mathematical formulation

Assume that the cubic crystal placed in the cell is occupying the space. This space is defined mathemat-
ically, as
D:—a<x<a, -b<y<b.0<z<Z<-h

Consider a Cartesian co-ordinate system, in which the displacement components are u,, u,, u, in the
X, , z direction respectively. These displacement components can be expressed in the integral form as

g = [ [%(‘(ZZTZ+%—V%)+AT]CZDC (1)
uy = J [[(5 + 52 —v3z) + 7] dy @
u, = [ [%(‘:TZ+‘:TZ—VZZTZ)+/1T]612 3)

where Y, v and A are the Young modulus, the poisson ratio and the coefficient of linear thermal expansion of
the material of the crystal respectively. Consider that U(x, y ,z ,¢) is the airy stress function which satisfies
the differential equation,

az az 62 2 62 62 62 2
(ﬁ a_yz-}_ﬁ) U(x,y,z,t) = _Ay(ﬁ+ﬁ+ﬁ) T(x,y,Z,t) (4)

Here T (x,y, z, t) denotes the translational temperature of the crystal satisfying the following differential
equation,

0%T | 9°T  9%T , O(xyzt 10T
AT A Oxyzt) _ 10T (5)
0x%2  9yZ = 0z2 k a dt

where k is thermal conductivity and a is the thermal diffusivity of the material of the crystal.

Let 6(x,y,zt) is heat generated within the crystal for # > 0 subject to initial conditions (5).
T(x,y,2,0) =F(x,y,2) (6)

Boundary Conditions

Let us define boundary conditions on the crystal. These boundary conditions are

dT(x,y,zt

[T(x, y,z,t) + kg %]9@61 =F, (y,zt) (7)
T (x,y,z,t

[Tey2) +k 55220 =R 0,20 ®)
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-T(x, y,Z,t) +Kkj RACHZD) =F;(x,2t) 9)
L ay E y:b
-T(X, y,Z,t) +Kky (’)T(z’—z’z't)_ =F,(xzt) (10)
| Iy=_
_T(x, y,Z,t) +Kks W- =f; (x,y,t) (11)
L dz=0
[Tyt +ke™5220 =y (12)
z=—h
The components in term U (x, y, z, t) are given by
a%u | a%u
o = (552 + 52) (13)
a%u | a%u
oy = (52 +5) (14)
a%U | 0%U
o2 = (52 + 532) (15)

The “Eq. (1)” to “(15)” constitute the mathematical formulation of the conditions of the crystal under
consideration.

Mathematical Solution

The finite Marchi - Fasulo integral transform of f'(z), within limitations -4 <z < & is defined to be

F=["f@ P2 dz (16)

Then at each point of (-4, h) , the function f (z) is continuous. Again, the inverse finite Marchi - Fasulo
transform for previous conditions is defined as

f(2) = T 52 P2 a7
Here,
P,(z) = Q, cos(a,z) — Wysin (a,z)

Qn = an(a; + ay) cos(ayh) + (B1-B2)sin (ayh)
W, = (B1482) cos(ayh) + (a; — az)aysin (ayh)
h

Ap = JPnZ (z)dz

in (2a,h
An = h[an + an] +M

2a,
The Eigen values a,, are the solutions of the equation

[, acos(ah) + B, sin(ah)] X [B, cos(ah) + a, asin(ah)] =
= [a, acos(ah) — B, sin(ah)] X [B; cos(ah) — a, asin(ah)] (18)

Here a; ay,p;, B, are constants.
By applying the finite Marchi - Fasulo transform three times to “Eq. (5)” and their inverses, we obtain

[an - an]

T o T = (0 4+ 20) (19)
where
@ = Pp(@)F; — Pp(—a)Fy + Py (b)F, — By(—b)F5 + Pi(W)f, — PI(-h)f;
and
q? = a? + a2 +a? (20)
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is Eigen value.

“Eq. (10)” is first order differential equation and has solution

= oM Il =
T*(m,n ,t) = e Xa’t [fot o (@ +BT)] e~xa*t'dt’ L o ¢ = F*(m,n, 1) (1)

'T"”(m,n, Lt) =f oc((b+ )eoc(am+an+alz)(t—t’)dt’ +e—o<(a,2n+arzl+alz)tﬁ>(m,n, D (22)

If we apply inverse finite Marchi - Fasulo Transform three times with boundary conditions to this equa-
tion, we get

T(69,2,8) = % Zinnet [22] [222] (01 ()1 () — 92202 (O)] +

e Limne [ [P || [r3m] a @ws (O = =ma (@2 )] (23)

coslm

Substituting the value of T( X, y, z ,t) from “Eq. (23)” in the “Eq. (4)”, the airy stress function can be
obtained as

k e} Py Py t t
U(x,y,zt) = Ayc_zzm’nzl [ A(x)] (3/)] [<.01(z)1l)21( )- <p2(zgzp2( ) +
m aZ,+a%+ }
Wk” Pm (O] [PaO [ ] |m2G0%3®)-12@)a(t)
Zlmn 1[ Am ][ Un ][coslrr][ a12n+a121+{%}2 ] (24)
Results

The displacement field along x direction is calculated as

w, = a an ) (k1+k2115m Zama] [Pn(J/)] 1+ V) a2, <P1(Z)¢1(t)—<ﬂ2522)¢2(t) n
m a$n+a,21+{z}
20KT (ky+ky)sin2apa Pn(J/) 7]1(2)1!’3(t) 7]2(2)1/’4(t)
Zlmn 1 [ Am ] [ Un cos ln] [ ] (24)

In the similar way, displacement fields in other directions could be determined.

Conclusion

The exact expression for displacement field of a cuboid crystal in a photoacoustic cell is determined.
The expression allows the calculation of various parameters of cuboid crystals properties such as stress,
strain, etc related with elasticity in photoacoustic cell. This mathematical approach constitutes an important
step towards determination of various aspects of premature failure of industrial components and devices This
work will be useful in research for scientific and industrial applications in future.
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A.IL. Capopge, O.X. Maxamxan

D0oT0aAKYCTHKAJBIK YAIIBIKTAFbI TEKIIE TIP3l KPUCTAIABIH
BIFBICY OPICTEPi: MATEMATHKAJIBIK aCNeKTiIep

dotoakycTuKanblk 3(GGEeKT YAriHI HaiibIHAAyIBIH €H a3 yaKbIThIHA, IIANIGIPAHKBI )KOHE MOJIAIP eMec YITiHi
3epTTeyre JKOHEe TEpeHIIK NpoQmIiHIH KoDKeTIMIUIrine OalfmaHblcTl TaHBIMaN. bByn epekmenikrep
TepeH aKbIPaThIMABUIBIKTAFbl KATThl 3aTTap/blH CHIATTAMalapblH aHBIKTAY YLIIH (DOTOAKYCTHKAIIBIK CIICK-
TPOCKOIMSIHBI KOJITaHyFa MYMKIHIIK Oeperni. TepMHUsIIbIK acepiiecy — ©HEpKACINTIK KYPhUIFBUIAp MEH KOM-
HOHEHTTEPre KaThICThI KATThI JIeHe (QU3UKAChIH 3epTTey/eri 6acThl NepcneKTuBa. by ocbiHaal KypblIFbLIap
MEH KOMIIOHEHTTEp/i LIbIFapyAbIH JKOHE JaibIHAaY/IbIH Heri3ri (akTopbl. ByriHri TaHma KpUCTa gl KaTThI
3aTTap KCH FBUIBIMH JKOHE OHEPKACINTIK KONJAHYIbIH apKachlHIa KeHiHeH 3eprreinyne. JKblly KepHeyiHe
OKEJIeTIH BIFBICY ©OpiCi OHEpPKACINTIK KOHABIPFBUIAP MEH KYPBUIFBLUIAPIBIH Mep3iMiHeH OYpbIH ICTEH
IIBIFYBIHBIH MaHBI3IbI acTeKTiepiniy Oipi Oonbim TaObUIambl. JKyMBICTa KaTThl KYyOOHMATHI KPHUCTAIMEH
(hOTOAKYCTHKAIBIK 9CEPJIETi BIFBICY OPICTEPi MATEMATHKAIIBIK TYP/JC YCHIHBUIFAH. ABTOPJIAP/IbIH OMbIHIIA YIII
enmeMal aHanu3/e (HOTOAKYCTHUKAJIBIK dcep Ke3iHJe OpBIH aybICTHIPY epicTepi OyphIH Oaiikanmaran. [lemex
OyJ1 HaKTHI Ky)XKaTKa Herisri yiec Gonanpl. POTOAKYCTHKAIIBIK YAIIBIKTa OPHAIACKAH KaparaibiM KyOOHIThI
OipTeKTi KpuCTaul YIIiH ODWpH KepHey (QYHKUHSCH Jla3epliH KpHUCTAUT OeTiMeH opeKeTTecyi HeriiHue
aHbIKTaNagbl. Mapuu-DacynoHbIH TYNKUIIKTI MHTErpaJIABIK TYPJCHIIPY OIICIH KpUCTALT 6JLIEeMiHiH
HIEKTeYJIepi MIeTiH/e KOJIIaHa OTBIPBII, BIFBICY Opici 1o allKbIHIaFaH.

Kinm ce30ep: Diipu kepHEYiHIH (YHKUIHUSICHI, TEKILE TIPi3Ai KPUCTAILI, BIFBICY ©pici, SHEPTUIHBI Oepy, KapPBIK
TIeH 3aTTHIH e3apa opekerrecyi, Mapuu-dacyno TypieHHipyi, coyieneHOSHTIH K03y, (POTOAKYCTHUKAJBIK
YALIBIK, POTOAKYCTUKAJIBIK dCep.

A.IL. Capope, O.X. Maxamxan
IHons cMeleHUs1 Ky0OBHIHOIO KPUCTAJLIA
B ()OTOAKYCTHYECKOM siYeiKe: MATEeMATHYECKHUE ACTIEKThI

(DOToaKyCTI/I‘{eCKI/Iﬁ 3(1)(1)6KT TIOITYJISIPEH 6J1ar0;[ap51 MUHUMaJTBHON HpO60HOIII‘OTOBKe BO BpEMs BBIIIOJITHCHUSA
BO3MOXHOCTHU HCCIIEJOBATh paCCCHBaIOIIIHﬁCSI u Her03pa‘{HbIﬁ 06pa3eu Hapsagy € JOCTYIIOM K HpO(i)I/IJIIO
FJIy6I/IHI)I. DTH 0COOEHHOCTH MO3BOJISIOT MPpUMCHSATDb (1)0T03KyCTI/I‘IeCKy}O CIICKTPOCKOITUIO TSI OIPEACIICHUSA
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XapaKTEPHCTHUK TBEPJBIX TeN C IIyOMHHBIM pa3perieHneM. TemnaoBoe B3auMOJAEHCTBUE SBIAETCS OCHOBHOM
MEePCHEKTUBOM B MCCIEN0BaHUAX (M3UKU TBEPAOTO TeNa, KaCAIOMIMXCS MPOMBIIITIEHHBIX YCTPOUCTB M KOM-
HOHEHTOB. JTO KIIIOYEBOI (aKTOp M3rOTOBJICHHS U NPOU3BOAUTEIBHOCTH TaKMX YCTPOHCTB M KOMIOHEHTOB.
CerofHsi KpUCTaJUIMYECKUE TBEp/bIe Tela MIMPOKO M3YYEeHBI Onarojapsi MX IIMPOKOMY HAydHOMY M IIPO-
MBIIUIEHHOMY TIpuMeHeHnIo. [Tosre cMemennit, npuBoasiee K TEPMHIESCKIM HATPSDKCHUSIM, SBIISETCS OJXHIM
W3 BXHBIX ACTEKTOB MPEXIEBPEMEHHOTO BBIXOA U3 CTPOs MIPOMBIIIIEHHEIX y3JI0B U yCTpOHCTB. B pabote
MaTeMaTHYECKH MPECTABICHEI MOJISI CMENeHHH B (OTOAKYCTHUECKOM 3((PeKTe ¢ TBEPABIM KyOOBHIHBIM
kpuctaiioM. ITo MHEHHIO aBTOPOB, MOJI CMELIEHUS IPH (POTOAKYCTHYECKOM 3 deKTe B TPEXMEPHOM aHAJIHU-
3e paHee He HaOmoaanuck. Cie0BaTeNlbHO, 3TO OyIET TIaBHBIM BKJIAJ0M B HACTOAIIMH NOKyMeHT. s mpo-
CTOro KyOOBHIHOTO OJHOPOJHOrO KpHCTaiIa, Haxopasuerocs B (oroakycTHueckol sueike, QyHKUUS Ha-
npsbkeHnst DfpH ompesieneHa Ha OCHOBE B3aMMOJIEHCTBUSI Jla3epa ¢ MOBEPXHOCTBIO Kpucrtaimna. IIpumenenue
MeToJla KOHEYHOT0 HHTETPAILHOTO INpeobpazoBanus Mapun—@acyno B mpepenax OrpaHMYeHHI pasmepa
KPHCTAJIIA TTO3BOJIMJIO TOYHO BEIYHCIIUTH 110JI€ CMEIICHYS.

Kniouesvie crosa: GyHKIMS HanpspKeHUsT DHpH, KyOOBUIHBIM KPHUCTAILL, TOJIe CMEILCHUS, IEPEeHOC YHEPTHH,
B3aUMOJICHCTBUE CBETa U BeIIeCcTBa, IpeoOpazoBanne Mapun—®dacyno, Ge3b3IydaresbHOe BO30YyXKICHNE,
(oroakycTiuueckas sdeiika, poToaKyCcTHIeCKHH P EKT.
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