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Plotting the adhesion utilization curves for multi-axle vehicles

The paper presents a method for calculating normal reactions of the road bearing surface along the axles of a
multi-axle wheeled vehicle, upon which it is possible to construct the adhesion utilization curves for all vehi-
cle axles, considering that both independent axles and axles combined in balancing trolleys are present in the
vehicle suspension. The main idea of this method is developing a universal mathematical model for determin-
ing the horizontal coordinate of the center of elasticity (center of rotation) of a multi-axle vehicle body with
reference to which the normal reactions along the axles of the vehicle during its braking are determined.
In addition, with a known distribution of braking forces, the adhesion utilization curves are plotted.
In the overview part, an analysis is given that showed that there is no single methodology or recommenda-
tions today regarding determination of normal road reactions on the axles of a multi-axle wheeled vehicle.
The developed methodology can be applied in engineering calculations when checking multi-axle wheeled
vehicles for compliance with international requirements for brake systems (Appendix 10 to UN / ECE Regu-
lation No. 13). The universality of the proposed methodology allows recommendation for its implementa-
tion in the given Rules No. 13. The calculations of the adhesion utilization curves made on the example of a
4-axle vehicle showed that consideration of the design features of a multi-axle wheeled vehicle suspension
significantly affects the nature of the geometry of the adhesion utilization curves within the permissible limits
specified by UN / ECE Regulation No. 13 (Appendix 10).

Keywords: multi-axle vehicle, distribution of braking forces, braking force, braking performance, adhesion
utilization curves, off-road vehicle, multi-axle.

Introduction

From the theory of car, we know that during the designing process and serial tuning all wheeled vehi-
cles (WV) must be provided with the necessary braking performance in various conditions of their operation.
To control the assessment of this performance, the standards and regulations have been developed in interna-
tional practice [1, 2]. They provide for checking the geometry of the adhesion utilization curves of the WV
axles [3—10] in predetermined so-called «corridorsy, that ensure road safety due to the rational choice of the
brake system characteristics and implementation of the proper process of vehicle braking [11-17].

In regulatory documents [1, 2] evaluating the braking performance of a WV, the adhesion utilization

curve of the i-th axle (f;) of the wheeled vehicle can be determined based on the equation:

T.
=t 1
fi N, M
where T is the braking force on the corresponding i-th axle of a WV, N; N, is the road reaction to the i-th
axle of the WV, N.
The exact solution for (1) in the regulatory documents [1, 2] is proposed only for two-axle vehicles:
T
fi=—, @)
P+z—G
L

where P, is the normal road reaction to the corresponding i-th axle of the WV in static conditions, N; /4 is

the height of the WV center of gravity, m; L is the distance between the axles of the WV, m; z is the braking
coefficient of the WV; G is the WV weight, N.

An expression similar to formula (2) can also be obtained for a three-axle WV in which the rear two ax-
les are combined by the suspension in one so-called «balancing trolley» [18-20].

For multi-axle WVs [21], with three or more independent axles, it is necessary to develop original
methods for each individual case of layout of their axles when determining the reaction of the road.
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This approach is not always convenient when plotting adhesion utilization curves and determining the
braking performance of a vehicle, consequently the aim of this work is creating a methodology for calculat-
ing the reaction of road on the i-th axle of a multi-axle WV when constructing its adhesion utilization curves.

The object of this study is the process of determining the reaction of road on the i-th axle of a multi-axle
WV. The relevance lies in the rational determination of the nature of the distribution of the adhesion utiliza-
tion curves of the multi-axle vehicles in order to ensure road safety and increase the braking efficiency of
such vehicles.

Methodology for determining the road reaction on the i-th axle of a multi-axle WV

Work [22] offers to determine the reactions of road N, in the following form:
N, =P +AN,, 3)
where AN, is a dynamic component of the normal reaction of the road to the corresponding i-th axle of the

WV, caused by the appearance of the total braking force, which is equal to the inertia of the car, N;
The main advantage of this representation of quantity N, is the possibility of applying the so-called

principle of superposition of forces acting on the WV. Therewith, value P. in equation (3) is a reference and
depends on the distribution of the car weight relative to its center of gravity. Thus, when determining AN, ,
the mathematical and physical model of the WV is greatly simplified due to the lack of P and G quantities.

Structurally, such a physical model of a multi-axle vehicle can be represented in the form of a circuit
depicted in Fig. 1.
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(T, Ty, T3, Tj 1> Tj, Tj+1, Tt Ty are braking forces on the corresponding axles of the n-axle WV;

1;, L, L1, 1, 1,1 are the distances between the corresponding axles of the n-axle WV; h is the height
of the center of gravity (c.g.) of the WV; P; is the inertia force of the braking n-axle WV).

Figure 1. Diagram of the structural physical model of the n-axle braking WV
Based on the studies [18], it is obviously possible to accept:
. G <
P =j—=2G=XT, @
g i=1
It is well known from mathematics and theoretical mechanics that in order to find # of unknown quanti-
ties (3), it is necessary to obtain a system of # equations.

Since the weight of a WV does not change during braking, we can write the first equation in the follow-
ing form:
SAN, =0. (5)
From the sum of the moments relative to poinlt: 14 (Fig 1), we obtain the second equation in the form:
Z(AN ZI Jz—z-G-h. (6)
k=2

From the scientific and technical literature [2, 18] we know that if, for example, some two axles j and
j + 1 are combined into a balancing trolley, then we can assume the equality for them:
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AN; AN, =0. ™)
Equation (7) may also have a different form, depending on the design of the balancer suspension. There
are as many such equations in the system as there are balancing trolleys in the design of the WV.
The practice of calculations [2, 18] shows that under the accepted assumption (7) the axles combined
into the balancing trolley can often be conditionally replaced by a reduced axle with loads:
N =N, +N;

]+1;

7(i+1)
Py =B+ B> ' ®)
AN, () =AN; +AN 3
Ty =T+ T

which is located at distance 0,5-/; from the corresponding axle (Fig. 1).

In this case, the displacement (rotation) of the WV body during braking can be schematically represent-
ed in the form of a diagram, which is shown in Fig. 2.

IR =~ b 2

§ c.c. =
3

C] (’2 C3 C}-[ q Cp Cn-l Cn ?
/77 777 777
a is the distance from the center of elasticity (c.e.) to the first axle; C;... C, are stiffness of the suspensions

of the corresponding WV axles; AX, ... AX, are deformation of the suspensions of the corresponding ax-
les; o is the angle of the body inclination relative to its initial position before the WV starts braking

Figure 2. Diagram of the rotation of the WV body during braking

From the diagram in Fig. 2 it is obvious that expression (5) can be rewritten in the form

n

Y (AX,-C,)=0. ©

i=l1
From Fig. 2 it is also obvious that:

AXl.zia—Zl:Zklj-sinoc, (10)
k=1

where if i = 1, the distance is /[, =0.
After substituting expression (10) in (9) and performing simple algebraic transformations, we obtain:

n

a'iCiZZ(Ci'ilk—lj' (11)
i-1 k=1

i=1
Dividing the numerator and denominator of expression (11) by the stiffness of the front axle suspension
and considering that at i = 1 the distance is /, =0, we obtain:
n Ci i
Z [C ) Z L j
a=" 2 (12)
1+ Zn: G
i=2 Cl
Assuming that during the transition of a vehicle from a running order to a loaded state its body moves
parallel to itself [23], we can assume that there is an equality:

AX] =const, (13)
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where AX;' is deformation in the i-th suspension when moving the body from the running order to the load-

ed state of the WV.
In that case, it is fair to accept:

S =const, (14)
AP
where AP is the difference between the loads on the i-th axle in the loaded state and running order of the
WV.
Thus, we can assume that:
C. AP
et Al (15)
¢ AR
after substituting expression (15) into (12), we finally obtain:
n( AP i
Z( A Pl 'Zlk_lj
g=2 1 k=1 ‘ (16)

n

1+ZAE

i AR

In equation (16), all components are the well-known reference data [24], which fact subsequently sim-
plifies the calculation of the distance from the center of elasticity to the first axle by dependence (16).

In this regard, the missing equations for the target system of equations can be determined by the follow-
ing procedure:

— after finding the distance from the center of elasticity to the first axle by dependence (16), we deter-
mine the position of the center of elasticity relative to the axles of the WV with index j and n. Moreover,
from Fig. 1 and Fig. 2 we know that if:

j-1
a=)1 ,thenforit AN, =0; (17)
i=l '

— for the axles to the left of the center of elasticity, from geometric relations and equation (10) for any
m-th axle the following relation is right:

m—1
a-Asz(a—Zlij-AXl,me m>1. (18)
i=1

Considering expressions (5) and (9), after the corresponding transformations for the m-th axle, we ob-
tain the equation:

1-£=— -—AP’”-ANl—ANmzo; (19)
a | AR

— for the axles located to the right of the center of elasticity, from geometric relationships for any p-th
axle the following is valid:

n—1 p-1
AXP(ZI:I"_CIJ:AX”(Z;Z"_G) (20)

After the transformations, which are similar to the transformations made earlier for expression (18), we
obtain the equation:

AN mad B = AN, =0 21
p_E' ,,21 : n Y ( )

n

Thus, from expressions (19), (21) we can obtain their missing number for the target system of equations.
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Plotting the adhesion utilization curves for multi-axle WV

After solving the statically indeterminable system by the method described above and determining the
increments of vertical loads on each WV axle during its braking, we find all values of vertical loads N; from

expression (3), and using expression (1) we plot the adhesion utilization curves.
As an example, we address the plotting of adhesion utilization curves for a four-axle truck, schematical-
ly shown in Fig. 3, with the parameters [22]:

— the distances between the axles are /, =2,03m, [, =2,62m, /; =1,4m;

— two rear axles are combined by a balancing trolley;
— axle loads in running order P, =25000N, P, =25000N, P, =49000 N, P, =49000 N (axle loads

in loaded state F,; =73500N, £, =73500N, F,; =131320N, £, =131320N);

— position of the coordinate of the center of gravity from the road surface when WV is in loaded state
h, =1,05m (position of the center of gravity coordinate from the road surface when WV is in loaded state

hg =1,55m);
Thus: AR, =P,, - P, =23500N, AP, =F,, - F,, =23500 N, AP, = AP, =51320N.
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Figure 3. The scheme of the forces acting on the four-axle truck when braking

We assume that the braking forces are realized the same on all axles, i e.:

4

T,=T,=T,=T,=0,25->T, . In this case, the system of equations, for example, for the WV in running or-
i=1

der, will have the following form:

i( >
AN" Zi Z_Z'hn' Pm’
’ a3 ia (22)

The results of calculations of the utilized adhesion made on the basis of the system of equations (22) us-
ing equations (1) and (3) are presented in Fig. 4 (a).

If we consider the same multi-axle vehicle, but without a balancing trolley, then the system of equations
(22) will take the form (23). The results of calculations of the utilized adhesion performed according to the
system of equations (23) using equations (1) and (3) are presented in Fig. 4 (b).

A comparative analysis of the results of calculations performed according to the systems of equations
(22) and (23) shows their significant discrepancy. This allows us to conclude that neglecting the type of sus-
pension when calculating the adhesion of a multi-axle vehicle is unacceptable, since this leads to significant
errors in calculating distribution of braking forces between the axles of such WVs.

The calculations of the utilized adhesion for a loaded vehicle according to equations (22) and (23) using
equations (1) and (3) also showed a significant discrepancy between the results. For convenience of analysis,
the results of calculations of a loaded WV utilized adhesion are depicted in the form of graphs in Fig. 5.
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=2 P =1

2
AP dl—a (23)
ANy =% | S |- AN, =0;
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P

(1—1—1)%-AN1 _AN, =0

a nl

As the analysis of the curves of the utilized adhesion of an n-axle WV showed, its distribution of brak-
ing forces depends significantly on the chosen calculation method.
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a) two rear axles are combined into a balancing trolley; b) two rear axles are not combined into a balancing trolley

Figure 4. The curves of the utilized adhesion of a four-axle WV in running order

The design of the axle suspensions of the n-axle WVs also affects the nature of the change in its utilized
adhesion; therefore, the methodology for calculating the curves of the utilized adhesion of a multi-axle WVs
must consider this when fulfilling the requirements of the UN / ECE Rules [1].

The analysis of the deviation in the average value of the utilized adhesion on the front axles for a four-
axle vehicle with a balancing trolley and with independent axles is determined from the expression:

max(ﬂu;ﬂi)—min(ﬂu;fa‘b)
A=
max(ﬁl“;fab)

where f,' is an average adhesion utilized on the front or rear axles of a multi-axle wheeled vehicle with in-

100% , 24)

dependent axles; fab is the average value of the adhesion utilized on the front or rear axles of a multi-axle
wheeled vehicle with a balancing trolley in its design.
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a) two rear axles are combined into a balancing trolley; b) two rear axles are not combined into a balancing trolley

Figure 5. The curves of the utilized adhesion of a loaded four-axle WV

The results of the calculated deviation in the average value of the utilized adhesion on the front axles
and rear axles of a four-axle WV, when z equals 0.5, are summarized for convenience in Table 1.

Table 1
The average deviation of the utilized adhesion of a four-axle WV
Parameter A £ A, % A £ A, %
Mode WYV in running order WYV in loaded state
Front 0,39 0,395 1,27 0,48 0,495 3,03
Rear 0,7 0,69 1,43 0,53 0,54 1,85

The table shows that, with an average deviation in the calculation results not exceeding 1.5 %, the
curves of utilized adhesion shown in Fig. 4 significantly differ from each other by the nature of their geome-

try within the established limits [1].

A similar trend is also observed for a loaded multi-axle wheeled vehicle (Fig. 5). Moreover, the per-
centage deviation of the average utilized adhesion is almost doubled in comparison with the average value of
the utilized adhesion of the WV in running order.

Table 2
Deviation of the WYV utilized adhesion from its average value
Parameter A e A, , % A, % A 1 A, , % A, ,%
Mode WYV in running order WYV in loaded state
A 0,36 0,37 7,69 6,33 0,42 0,45 12,5 9,09
fs 0,42 0,42 7,14 5,95 0,54 0,54 11,11 8,33
JA 0,58 15,94 0,43 20,37
0,7 0 0,53 0
fa 0,8 13,75 0,64 15,63

The deviation of the utilized adhesion from its average value (Table 2) showed that in calculation of the
utilized adhesion for the WV with a balancing trolley in suspension the error A, will be bigger when calculat-
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ing the utilized adhesion of the front axles; and without such a trolley in the suspension the deviation A, will
be bigger when calculating the utilized rear axle adhesion.

It should be noted that the error in determining the utilized adhesion above 15 % is not permissible for
engineering calculations, since under actual operating conditions of a multi-axle wheeled vehicle this can
lead to a violation of road safety and, as a result, to injury of the road users.

Conclusions

The proposed method for calculating the distribution of normal reactions between the axles of an n-axle
wheeled vehicle allows taking into account the design features of the car suspension when determining the
adhesion utilization curves on its respective axles.

The universality of the proposed methodology for calculating the distribution of normal reactions be-
tween axles of an n-axle wheeled vehicle makes it possible to optimize the process of assessing the distribu-
tion of brake forces of a vehicle, both with a balancing trolley and with vehicle axles independent of each
other.

The developed methodology for calculating the distribution of normal reactions between the axles of an
n-axle wheeled vehicle can be used in engineering calculations when testing multi-axle vehicles for compli-
ance with the international requirements of brake systems, Appendix 10 to Regulation No. 13 UN / ECE.

The performed calculations of the adhesion utilization curves, using the example of a 4-axle WV,
showed that consideration of the design features of the multi-axle wheeled vehicle suspension significantly
affects the nature of the geometry of the adhesion utilization curves within the permissible limits established
by UN / ECE Regulation No. 13 (Appendix 10).

Analysis of the average deviation in the results of calculating the adhesion utilization curves with an er-
ror not exceeding 1.5 % for the WV in running order and 3 % for the WV in loaded state showed that the
nature of the geometry of the adhesion utilization curves within the zone established by international rules
UN / ECE No. 13 depends significantly on the type of a multi-axle wheeled vehicle suspensions.
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KemnochbTi K6JIik Kypajaapsl YiliH LIiHiCyai
JKy3ere achbIpaTblH KHCBIKTAPAbI KYPY TYpPAaJibl

JKymbicTa KOMOCHTI JOHFANAaKThl KONIK KYPAIbIHBIH OChTepi OOMBIMEH JKONIBIH TipeK OCTiHIH KaJbIIThI
peaKkIMsUIapblH  €CenTey oici YCHIHBULABL, OHBIH HETi3iHAe aBTOMOOWIBAIH CYCHCH3WSCBIHAA TIYeICi3
OCBTEpIiH ne, Teme-TeHIIK apbaiapbiHa OIpIKTIpUIreH ochbTepiaiH e OONybIH ecKepe OTBIPHIN, KOJiK
KYpaJIbIHBIH OapiblK OochTepi OOMbIHINA LTiHICY KHUCHIKTApBIH Kypyra Oonanbl. Byn smicTiH Herisri uiesce
KOIIOCHTI aBTOMOOWMJIb KOPITYCHIHBIH CEpIIMALTIK OPTAIBIFBIHBIH (alfHally OpTaJbIFBIHBIH) KeJICHEH
KOOPJMHATAChIH aHBIKTayIbIH oMOe0al MaTeMaTHKAJIbIK MOJIEIIH xacay OO TaObUIaIbl, COHBIH HEri3iHae
KOJIIK KYpaJIbIHBIH OChTepi OOMBIMEH KAaIBINTHI PEaknusulap OHBIH TEXeTy HpOLEciHIe aHBIKTalajbl, ajl
TEXKETII KYIITepAiH OeNTini TapalybIMeH JKy3ere achIpbUIATHIH LTIHICY KUCHIKTaphl Aa TYpreI3putansl. [lomy
Gemiminze OYriHri KyHi Kem OUTIKTI TOHFalakThl KOJIIK KYPAaJbIHBIH OCHTEPIHAEri JKOJIBIH KaJbINThI
peaKLsIapbIH aHbIKTayFa KaThICThI GipbIHFall oficTeMe HeMece YChIHBICTAp XOK €KEHIH KOPCETETIH Taiiay
KeNTipiireH. O3ipJieHreH oficTeMe Kom OUTIKTI JOHFaJaKThl KoK KypajIapblHbIH TEXETill Kyienepre
KOMBUIATHIH XaJIbIKapaJblK TalalTapFa COMKECTIriH TeKcepy Ke3iH/e HHKEHEPIIK ecenTeyepae KOJIIaHbUTybl
mymkin (UN/ECE Ne 13 Epexecinig 10-mbl KOCHIMIIAchHl). ¥YCHIHBUIFAH OICTEMEHIH oMOeOanThIFbI
JKOFapbIna ataral Epesxenepi eHrisyzie YChIHBIC jkacayFa MYMKIHIIK Oepeni. TepT oChbTi KoK KypabIHEIH
MBICAJIBIH/IA JKY3€Te achIPbUIATHIH LTIHICY KHUCBHIKTApHIHBIH OpBIHIAJFAH €CeNTeyJepi KOIOCHTI NOHTEeNeKTI
KOJIIK KYpaJbIHBIH aclla KYpBUIBIMBIHBIH epekmienikrepin ecenke anry UN/ECE Ne 13 Epexenepinme
(10 KocbiMinia) OenriieHreH pykcaT eTireH I[IEKTeyJdep ULICriHAe JKY3ere achIpbUIaThIH  LIiHICY
KUCBIKTapBIHBIH OPHAJIACY CHIIATHIHA AiTapIIbIKTall 9Cep eTEeTiHIH KOPCeTTi.

Kinm ce30ep: KemochkTi KeJIK Kypasbl, TeXKETill KYIITepAiH Tapaiaybl, TEXETrill KyIli, TeXey THiMIITiri,
UTiHICY KUCBIKTapBI, dKOFaPhI KbUIAAM/IBIKTHI aBTOMOOHJIb, KOIIOCHTI.

B.A. boromonog, B.1. Knumenko, JI.H. JIeonThes,
C.B. Ilonukaposckas, A.A. Kamkanos, B.}O. Kyuepyk

O nocTpoeHuM KPUBBIX peajin3yeMoro cluenieHus
JJIs1 MHOTOOCHBIX TPAHCHOPTHBIX CPEACTB

TpeiokeH METO pacyeTa HOPMaJIbHBIX PEAKLMid OMIOPHOM MOBEPXHOCTH JIOPOTH 10 OCSIM MHOT'OOCHOTO KO-
JIECHOTO TPAHCHOPTHOTO CPEACTBA, HA OCHOBE KOTOPOTO MOXKHO HMOCTPOMTb KPUBBIC PEaM3yeMOro CLeIIe-
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HHS 110 BCEM OCSIM TPAHCIIOPTHOTO CPEJCTBA C y4€TOM HalIHW4Yus B MOJBECKE aBTOMOOMIISA KaK HE3aBHCHMBIX
oceil, Tak M ocel, 00bEIMHEHHBIX B OamaHCHpHBIE Tenexkd. OCHOBHAs MIEs 3TOro METOJa 3aKII0YaeTCs B
pa3paboTKe yHHUBEPCAIbHOM MaTeMaTHYeCKOH MOMAENU ONpeNeNIeHUs] TOPU30HTAIBHON KOOPAWHATHI IEHTpPa
yIpyroctu (IEHTpa IOBOPOTa) Ky30Ba MHOTOOCHOTO aBTOMOOWIIS, Ha OCHOBE 4YEr0 M ONPEIENSIOTCS HOp-
MaJIbHBIE PEAKIMH 110 OCSIM TPAHCIOPTHOTO CPEICTBA B IIPOIECCE €r0 TOPMOKEHUsS, a MPU W3BECTHOM pac-
TIPEEJICHU TOPMO3HBIX CHJI CTPOSITCSL M KPUBBIE peann3yeMoro clemuieHus. B 0030pHoH JacTh nmpuBeaeHs!
JTaHHbIC aHaJIM3a, KOTOPHII MOKa3ajl, YTO HA CETOJHSIIHUI JIEHb OTCYTCTBYIOT €IHHAs METOAMKA MU PEKO-
MEHJAIlMU B OTHOIIEHHM OIpPEAECNICHUs] HOPMANbHBIX PEaKIUi JOpPOTHM Ha OCSX MHOTOOCHOTO KOJIECHOTO
TpaHCHOPTHOTO cpeAcTBa. PaspaboTanHas MeTOAMKA MOXKET ObITh MPUMEHEHA B MHXKEHEPHBIX pacueTax Mmpu
MpPOBEPKE MHOTOOCHBIX KOJECHBIX TPAHCIIOPTHBIX CPEACTB HA COOTBETCTBUE MEXIYHAPOJHBIM TPEOOBaHUAM
k Topmo3HbiM cucteMam ([Ipunoxenue 10 k [IpaBunam Ne 13 UN/ECE). YHuBepcanbHOCTh MpPEIIOKESHHOI
METOJIVIKY TT03BOJISICT PEKOMEHIOBATH €€ K BHEIPEHUIO B YKa3aHHBIX BhIIe [IpaBunax. PacueTs! KpuBBIX pea-
JIM3YEeMOTO CIEIUICHUS Ha IPUMepe YETHIPEXOCHOT0 TPAHCIIOPTHOTO CPEACTBA ITOKA3aNIH, YTO yIeT 0COOCH-
HOCTe! KOHCTPYKIUH IOJBECKH MHOTOOCHOTO KOJIECHOTO TPAHCHOPTHOTO CPE/ICTBA CYIIECTBEHHO BIIMSIET HA
XapakKTep PacHoJIOKEHHUS KPHUBBIX PEAM3yeMOro CLEIUIEHHs B Ipejeax JOIYCTHMBIX OTpaHHYeHHH, ycTa-
HosieHHBIX [IpaBmmamu Ne 13 UN/ECE.

Knioueswie cnoéa: MHOroocHO€ TPaHCIOPTHOE CPEJCTBO, PACMpeeIeHHe TOPMO3HBIX CHII, TOPMO3HAs CHJIa,
3¢ (HEKTUBHOCTb TOPMOXKEHHUS, KPUBBIC PEATH3YEMOr0 CLEIUICHHS, aBTOMOOWIb IOBBIIICHHOH MPOXOIMMO-
CTH, MHOTOOCHHK.
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