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Cosmography in the multifield cosmological model

This paper analyzes a cosmological model containing the fermion field, scalar field and vector field with Yu-
kawa interaction. Such a model allows one to research the contribution of various types of matter to the dy-
namics of the universe. In flat, homogeneous, and isotropic space-time, this coupling can provide the acceler-
ation expansion of the universe. Cosmological reconstruction of dynamical equations is obtained using hybrid
solution. This solution is researched by cosmography and energy condition. In the model under study, a zero
energy condition, a strong energy condition, and a dominant energy condition are satisfied, and a weak ener-
gy condition, which is not mandatory, is not satisfied. It is shown how the cosmographic parameters — the pa-
rameters of deceleration g, jerk j, and snap s — can be related to the hybrid value of the scale factor. The re-
sulting analysis makes it possible to relate the model-independent results obtained from cosmography to theo-
retically substantiated assumptions of gravity. The total density and pressure of the energy of the gravitational
field are found in the form of the sum of contributions, which are associated with the bosonic, fermionic, vec-
tor fields, as well as the Yukawa type potential. In the model under study, in the early epoch, the bosonic field
is responsible for the accelerated regime. Fermionic and vector fields have a positive pressure value, and
therefore slow down the accelerated expansion of the universe. At a later time, a transition to a slow mode
occurs, as the total pressure tends to zero.

Keywords: scalar field, fermionic field, Yukawa-type interaction, vector field, cosmography, deceleration pa-
rameter.

Introduction

The accelerated expansion of the universe was discovered in 1998 based on an SN la type brightness
curve and its luminosity at maximum. This phenomenon is supported by data of other cosmological observa-
tions, such as measurements of the temperature anisotropy of the CMB and the polarization of the cosmic
microwave background and large-scale structure in the [1-4]. There are a large of number theoretical models
capable of explaining the acceleration expansion and the most popular model assumes that a considerable
part of the universe is in the form of dark energy or dark matter [5-17]. An unusual property of dark energy
is that it exerts negative pressure on space. Understanding the nature and origin of dark energy is an im-
portant question and still an unsolved problem of modern cosmology.

The Standard Model is a successful model of the Big Bang theory. His predictions were confirmed by
observations of [18-23], in particular by the expansion of the universe and the existence of relic radiation. Its
success is associated with the explanation of the synthesis of light elements and the model of the early uni-
verse. The standard model is homogeneous and isotropic at large scales, as evidenced by observations.

The search for the responsible elements for accelerated periods in the evolution of the universe is fun-
damental in cosmology. Several candidates have been proposed describing both the inflationary period and
the modern accelerated epoch: scalar fields, exotic equations of state, and the cosmological constant.

Another way is to consider the fermion field as a gravity sourse in expansion of the universe [24-26]. In
[27-33], gravitation models were researched using multiple sources. The result includes exact solutions, ani-
sotropy to isotropy transition scenarios, and cyclic cosmology.

At considering the fermion field as responsible for acceleration expansion of the universe then different
regimes arise. The fermion field rapidly increases and matter is created until it begins to dominate, and as a
result, the initial accelerated expansion slows down. When the universe enters the area of dominance of mat-
ter, then the fermion field again prevails, which leads to an era of accelerated growth rates of the scale factor.
In this case, the fermion field is responsible for inflation in the early Universe and dark energy for the late
Universe, without the need for a cosmological study of the constant terms or the scalar field. In the late Uni-
verse, energy begins to dominate again and a gradual transition to dark energy occurs, the so-called
fermionic energy period, in which the accelerated regime begins and continues in the modern era.

Thus, the purpose of our work is to study the influence of scalar, fermion and massive vector fields and
their interaction on the dynamics and evolution of cosmological regimes in a homogeneous and isotropic
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spatially flat universe. To achieve the goal and for the selected action, we will perform the following tasks
we will find the equations of motion and then construct a solution to these equations using a hybrid scaling
factor.

Experimental
Let us consider the general action in the form of
R 1 1 I _
S = [J-gd S +50° 0,0 =S mg" + [ 7T Dy ~ (DI |-
1

V() - Avpy +% m; Au A 2 F,F“}

Here sourses of gravity are the fermion field and its potential V (y)
i _ _
L = E[WF "Dy - (D,,l//)F”t//]—V(V/!//), (1)

where ¥ and ¥ = 1//*70 represent the spinor field and its adjoint, respectively. The covariant derivatives in
1)
Dy =0y—Qy+idAy,
D,w =0,y +yQ, —iquA,.
Here Q is a constant which couples the fermion field with the vector field A, . Moreover, Q  is the
spin connection

1 -
Q,=-3 9,07, —e°(0,e0)|rre,
where T, is the Christoffel symbols.
The Lagrangian density of a massive scalar field ¢ without self-interaction potential

_1 Y7 _i 2 42
Ly =5 0790, 9= myg",

where m, is mass of the scalar field.
The Lagrangian density of the massive vector field A,

1 1 v
L, = EmvaﬂA‘ " F.F*,
where m, is mass of the vector fieldand F, =06,A -0, A,.

The Lagrangian density corresponds to the Yukawa interaction between the fermionic and the scalar

fields
LY = —117@//,
where 4 is the coupling constant of the Yukawa potential.

In order to study the evolution of a homogeneous and isotropic spatially flat universe, we use the
Friedmann-Robertson-Walker metric

ds® = —dt? +a(t)(dx* +dy? +dz?), 2)
where a(t) is scale factor of the universe, and the Ricci scalar is expressed as

.. .2
a a
R= 6(— +—2],
a a
Here we consider the case of time-like vector field, namely
A, = (A(1),0,0,0).
This case is the only possible ansatz compatible with a homogeneous and isotropic space-time. We as-

sume that the self-interaction potential of the fermion field is V (u) = &", where & and n are constants and
U =y is biliner function. Then the corresponding point-like Lagrangian has the form of
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L =3a&” —&° = 7"y — 77w + 2i0A7 °w) +
3 1 i 1 1 ®)
e’ =29+ o mog” + Appy —SmIAT):
From the Euler-Lagrange equations and energy-momentum tensor, the complete system of equations of
motion corresponding to the Lagrangian (3) take the form

3H? = p, 4)
2H +3H% =—p, (5)
$+3Hp+u+m2g =0, (6)
— 0
_ Y7y
Ao_qm—f' O
- 3., _ ._ e
1//+§H¢//—|1//[qA0+n(§u 4+ gy °]=0, (8)
l/'/+gHt//+i[n§u”1}/°+qA0+ﬂ.@/°}//=0, (9)
p+3H(p+p)=0, (10)
where
— 0 2
p:£¢2+1m§¢2+§u"+lﬁ¢w+1qzw. (11)
2" "2 27 m
1, 1 0 1o )’
-§¢2—§m§¢2+§(n—1)u +§q2 e (12)

Vv
The equations (4), (5) are the Friedmann equations; the equation (6) is the Klein-Gordon equation; the
equation (7) is the vector field equation; (8) and (9) are Dirac equations; the equation (10) is the conservation
law; (11), (12) are the energy density and pressure, respectively.
We can assume that the total energy density of the gravitational field as the sum
P =p,+p; +p, +p, Is associated with the bosonic, fermionic fields, as well as the Yukawa potential

and the vector field, respectively. Their expressions are of the form

1. 1
Po :§¢2+Em§¢2’ (13)
yor =a’, (14)
1 — 0 2
Pa =§q2%- (15)
Py = Aoy (16)

Total pressure of the gravitational field in the form as p = p, + p, + p, is associated with bosonic,

fermionic and vecton fields, respectively. The pressure of a Yukawa type potential is zero. Their expressions
are of the form

1., 1 ,,
Py :E¢ _Emb¢ , (17)
p; =&(n-1u”, (18)
_1 L, @yy)
py =0. (20)
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Results

The system of equations (4)—(12) has the following solution in the form of a hybrid function
a=ae™t”, (21)
where @,, « and £ are constants and « > 0. By solving equations (11) and (12) together and taking into
account the hybrid dependence on the scale factor, we can find the form of the scalar field function

AC _I_\/lZCZaOGeGattGﬂ _4m§ (63(2_ n)cn(aoeattﬂ)—?:n —60(2 _lzaﬂ _ zﬂ(szﬂ_l))

 ake’ t t
¢ =
2m?
From equation (7), we obtain a solution for the vector field
T
& mZade* ¥’

where we have previously derived the relation simplifying further calculations from the Dirac equations (8),
) ryy = % C is constant.
For the ?ermionic field, we will search for a solution in the form
v, = E,(t)e"¥ ® =0123. (22)

Expanding the Dirac equations (8), (9) in component terms and substituting in them the general form of

the fermion field field (22), we find the exact value of the coefficients
3

E =E,a 2,

3

351 3,4 3
qz‘c32/3 to 2y (at)zﬂ —WhittakerM (—2ﬂ,—§ﬁ+;,3at)

Fo= -
“ mZala(-1+38)
c"H(n—1) 0D DA DL (WhittakerM (1-34(n—1),3a(n —1)t))

) —
ag(n_l)

ng(

Ac(1-38)3 %
2a;,m; (38 -1)
where E,, and F,, are integration constants, F, =—F_, (k=0,1; m=2,3) and we introduced the notation

+F, +J-th,

\/ﬁZCZa—6e—6att—6,B —Am2(E(2— n)cn(aoeattﬁ‘)—Sn 64 _1205ﬂ _ Zﬂ(3ﬂ_1))
N 0 b i 2

2m?
From the form of the self-interaction potential of the fermion field chosen above, taking into account
the form of the scale factor, we find its dependence on time t

- C n
V= g(age“tsﬁ ).
The total energy density and pressure of the model under study from the Friedman equations (4) and (5)
are equal to

p= —3(a+€)2 +2t—2ﬁ,
p:3(a+€)2.

The component-wise contributions of each of the fields to the total density (13)—(16), respectively, are
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Figure 1. Energy density 0 depends on time t, at
m=10°,&=5,c=1,n= 2,8,=1,=02,g=2,c =10,9=2,41=2

Figure 1 shows the total energy density o (solid line), fermionic field density o, (dotted line), vector

field density p, (dash line), scalar field density p, (dash-dotted line), potential density Yukawa type o,

(open line). The component-wise contributions of each of the fields to the total pressure (17)—(20), respec-
tively, are

aseﬂsﬁtsﬁ\/izczafemt_w _ 4m§ E@2- n)cn(aoeattﬂ)—:%n _6g? — 12tat 3 Zﬂ(?;/j —1))
—_ %
" 4m’ +
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Figure 2. Pressure P and energy density © component contributions versus time t,
at m :10‘6,§ =5c=1,n=2,8,=1,0=0.2,=2,c=10,¢=2,1=2

Figure 2 shows the total pressure of the model p (solid line), pressure of the fermionic field p, (dotted

line), pressure of the vector field P, (dash line) pressure of the scalar field p, (dash-dotted line).

In the model under consideration, the scalar and fermion fields have negative pressure, while the mas-
sive vector field has a slight positive pressure. The Yukawa field does not contribute. In the early epoch, the
bosonic field is responsible for the accelerated regime, but in later time, a transition to the slow regime oc-
curs since the total pressure tends to zero.

Cosmography

Cosmography ensures to test cosmological models that do not contradict the cosmological principle
[34]. The components of the dark energy introduced by us into the model change the equations of motion,
but do not affect the relationship between the kinematic characteristics. The expansion of the scale factor in a

Taylor series in the vicinity of the current time instant t, leads to an expression that depends only on the
metric (2) and is completely independent of the model [35, 36].

a(t) :ao+a(to>+%a(to)(t—t0)2%a‘(to)(t—to)sﬁé'(to)(t—to)“, 23)
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where 0 means the current value of the quantity and terms above the fifth order have been omitted. Func-
tions in terms of derivatives of the scale factor and their values at the hybrid law scale factor (21) are Hubble
parameter

H=1%R-5 b,
a dt t
Deceleration parameter
1d%(1da)” 2a
a0=-12 (18] e 2R
at +p
Jerk parameter
o _1d%a(1da)’_. 3ap(at+p)
0="=F\-"] =+—a—"
a dt® \a dt at"+p
Snap parameter
_1d%a(1da)’_.  apl4a’? +6aR’ +3apt +4p°)
S(t)___s o =1+ 4.4 4
adt® (a dt at"+p
The parameters of deceleration, jerk, and snap are dimensionless. Using them, one can rewrite the equa-
tion (23) as

1 1. 1
a(t) = a0|:1+ Ho(t_to)_quHoz(t_to)2 +§ Jng(t_to)3 +E50Hg(t_to)4}

An accelerated increase in the scale factor occurs at 0 < 0. An accelerated increase in the expansion
rate, H >0, correspondsto q < -1,

Energy conditions

In general, relativity and modified theories of gravity, the distribution of mass, momentum and angular
momentum must have values for any field and are described by the energy momentum tensor or matter ten-
sor. However, Einstein’s field equation does not impose restrictions on the types of state of matter or non-
gravitational regions admissible in the space-time model. This is a strong point, since general relativity
should be as independent as possible from any assumptions of non-gravitational physics. The weak point is
that the Einstein equation admits solutions by properties that most cosmologists regard as non-physical, i.e.,
too unusual to fit in the real [34] universe.

The energy conditions are such criteria. They describe the properties characteristic of all states of matter
and all non-gravitational areas that are studied in physics. Energy conditions can eliminate many non-
physical solutions of the Einstein equations. In cosmology, these four energy conditions are of great im-
portance.

Null Energy Condition (NEC)

p+p=0.
Weak Energy Condition (WEC)
>0, p+p=0.
Strong Energy Condition (SEC)
p+3p=>0, p+p=0.
Dominant Energy Condition (DEC)
p=>0, —p<p<p.
For hybrid solution (21), the energy-momentum components are read as follows
NEC

2/t7% >0 (24)
WEC

3(a Jrg)2 >0, 2/7%>0. (25)
SEC
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6
—6(a+€)2+t—2ﬂzo, 272 >0. (26)
DEC
2
3(oz+€)2 >0, —3(oz+€)2 S—B(a+€)2+t—2ﬁs3(a+€)2. (27)
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Figure 3. Energy Condition

Figure 3a shows NEC (o + p is a solid line); the curve p+ P does not cross the abscissa axis, that is,
over the entire time interval p+ p >0. Figure 3b shows WEC (o is a solid line, p+ p is a dotted line);
curves p+ Pand p are above the abscissa axis throughout the entire time interval, that is, conditions
>0 and p+ p =0 are satisfied throughout the entire time interval. Figure 3c shows the SEC (o +3p is
a dotted line, p+ P is a solid line); the po+3pcurve is located below the abscissa axis, that is, the
£ +3p =0 condition is violated and the SEC is not fulfilled. Figure 3d shows DEC ( o is a dash line, — p
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is a solid line, P is a dotted line); the curve p is located above the abscissa axis and curve P lies between

curves —p and p, that is, the condition p>0 and —p < p < p is satisfied throughout the entire time in-

terval. These conditions impose simple and model-independent constraints on behavior of the energy density
and pressure. For our model, the zero energy condition, the strong energy condition, the dominant energy
condition are satisfied, and the weak energy condition, which is not mandatory, is not satisfied.

Conclusions

We have investigated the scalar, fermion, and massive vector fields’ influence and their interactions on
the dynamics and evolution of cosmological regimes under conditions of a homogeneous and isotropic spa-
tially flat universe. Observing the behavior of pressure of the scalar field with respect to the fermion and vec-
tor fields, we can infer that it is this field, to a greater extent, that is responsible for the accelerated regime in
the early universe. An extended set of parameters was found to describe the kinematics of cosmological ex-
pansion: the deceleration parameter (, the jerk parameter j, and the snap parameter s. All the resulting

parameters satisfy the latest observational data for « >1. Pressure in the model under consideration is nega-
tive and tends to zero at a later time. Therefore, at a later time, there is a transition to a slow mode.
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I'.C. Anraea, O.B. Paszuna, I1.I1O. [{p10a

My abTHOPICTI KOCMOJIOTHAJIBIK MOAe/bAeri Kocmorpadgus

ABTopnap GpepMHOHIBIK OpICTi, CKAIPIBIK opicTi xkoHe FOkaBa ocepiiecyi 6ap BEKTOPIBIK OPICTI KAMTUTHIH
KOCMOJIOTHSUIBIK  MOJENBJI TalfgaraH. byl MoOJenp MaTepusHBIH OpTYpii THOTI Typiepi OJeMHIH
JMHAMHUKAachlHa KOCKaH YJECiH 3epTTeyre MYMKiHAiK Oepeni. JKa3bIKTBIKTA, OIPTEKTi XXKOHE HM30TPOINTHI
KEHICTIK-yaKbITTa Oy OaiiaHbic OJNEMHIH VIEMeNi YJIFAlOblH KaMTaMachl3 eTe anaibpl. J(MHaMHKaJbIK
TEHIEYJIeP i KOCMOJIOTHSIIBIK PEKOHCTPYKIHsIAYa THOPUATI TEHACYIep MEIIIMHIH KOMETIMEH )KopaMaliiamn
anpiHagpl. By miemiM kocMorpadus JKoHE SHEPreTHKAIBIK KYH apKbUIBl 3€PTTENiNl KapacThIPBUIIHI.
3epTTeneTiH OYI MOJENbC HOJIIK SHEPTHS INAPTHI, KYIITi SHEPTHUS MAapTHI, 0aCBIM SHEPTeTHKAIBIK IAPTHI
KaHaFaTTaHBIPbLIA/BI, a1 MIHJIETTI eMec 9JICi3 SHEprus MapThl KaHaFaTTaHABIpbUIMai bl KocMorpadusisik
napamerpiepain — ( Oasynary mapaMmerTpi, j cepmily mapameTpi jkomHe S 6acy mapameTpIiepiHiH MaciTad
kod(durreHTIHIH THOPHITI MOHIHE Kalail 0aliTaHBICTHI OOTYBI aHBIKTAIBIN KOPCETUITeH. AJIBIHFAH Taliayia
KocMorpadUsiIaH JKoHe albIHFaH MOJECNBACH TOYeJICi3 HOTHIKeIep/Ii TPaBUTALUSHBIH TEOPUSUIBIK HET13/IereH
6omkamaapbIMeH OaiaHBICTHIpYFa MYMKIHIAIK Oepeni. ['paBUTalUSIIBIK ©pIC SHEPTUSCHIHBIH JKaJIIbI
TBIFBI3JIBIFBI MCH JKaJIIbI KBICBIMBI OO30H/BIK Opic, (epMHOHABIK OpiC, BEKTOPJIBIK OPICTEPMEH, COHIai-aK
FOxaBa THMNiHIH MOTEHIHATBIMEH GaliIaHBICTHI YJIeCTep KOCBIHIBICH TYpiH/e OOJIbIN TaObUIabl. 3epTTeNeTiH
MoJieJIb/Ie epTe J1oyipae O030HIBIK Opic KeAeNIETIIreH PeKUMIe XKayarTbl O0JIbIT TaOblIaabl. PepMHOHIBIK
epic ’koHE BEKTOPIBIK epicTep OH KBICBIM MOHIHE He, COHABIKTaH OJEMHIH YAEMeNi YIFAlObIH OasyaaTasl.
Ketiinipek Oasy pexxuMre Koury sKypei, TKeH1 sKallbl KbICHIM HOITE YMTHUIA/IBL.

Kinm ce3dep: cxamsipisl epic, pepMuOHIBIK opic, KOkaBa THIITI ocepiecy, BEKTOPIBIK opic, kKocMorpadus,
TEXey MmapaMerpi.
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I'.C. AnraeBa, O.B. Pasuna, I1LIO. [{p10a

Kocmorpadus B MyJIbTHIIOIEBO KOCMOJOTMYECKON MO/Ie/TH

ABTOpaMH NpoaHaIM3UPOBaHa KOCMOJIOTHYECKasi MOZENb, cojepikamias (GepMUOHHOE TI0JIe, CKaIIPHOE T0JIe
U BEKTOpHOE moje ¢ B3aumopeiicrsueM lOxaBbl. Takas mMozens Mo3BOJSIET UCCIEAOBATh BKIIAJ PA3IHMUHBIX
TUIIOB MaTepuy B TUHaMUKYy BceneHHoll. B miockoM, 0JHOPOAHOM U M30TPOIHOM IPOCTPAHCTBE BPEMEHU
3Ta CBSI3b MOXKET 00EeCIeunBaTh yCKOpEeHHOe pacimpenne BceneHnoil. Kocmomormdeckas peKOHCTPYKIHS
JUHAMHYECKUX YPABHEHUH MONTydeHa ¢ TOMOIIbIO THOPUIHOTO peleH:s. DTO pelIeHne UCCIETYEeTCsl KOCMO-
rpadueil U SHEPreTHYECKUM COCTOSHHEM. B MccieayeMol MoJenn BBINONHICTCS HYJIEBOE SHEPreTHYECKoe
yCJIOBHE, CHIIBHOE SHEPTeTUUECKOE yCIOBUE, JOMUHUPYIOIIEE YHEPIreTHUECKOE YCIOBHE M HE BBIMOIHACTCS
craboe 3HepreTHIecKoe yCIOBUE, KOTOPOe He SABIseTCs 00a3aTenbHbIM. [1oka3aHo, Kak MOXKHO CBSI3aTh KOC-
Morpaduueckie mapaMeTpsl — HapaMeTphbl 3aMe/UICHHUs (, PhIBKA | U LIENYKa S ¢ THOPUIHBIM 3HAYCHHEM
MacmTabHoro dakropa. [loaydeHHBIH aHamM3 1aeT BO3MOXKHOCTh CBSI3aTh HE3aBHCHUMBIE OT MOJIETH PE3yIlb-
TaThl, MOJy4eHHBIE U3 KOCMOTpadHH, C TEOPETHIECKH OOOCHOBAHHBIMH IIPEIIIOJIOKEHUSIMU TPaBUTAIHN.
Haiinens! nonxasi NJI0THOCTH U AaBJICHUE YHEPTUHU IPABUTALMOHHOIO IOJIA B BUAE CYMMBI BKJIaZI0OB, KOTOPBIC
CBSI3aHBI C 0030HHBIM, (DEPMHOHHBIM, BEKTOPHBIM MOJIIMHU, a Takke moTeHruanom tuma FOkasel. B uccne-
JyeMoi MOJeTM B PAaHHIOIO 310Xy OO30HHOE IOJIe SBJISETCS OTBETCTBEHHBIM 3a YCKOPEHHBIN peskuM. Dep-
MHOHHOE M BEKTOPHOE IOJI UMEIOT MOJI0XKUTEIFHOE 3HAUCHUE ABICHHS U, CIE0BAaTENbHO, 3aMEIIIIOT yC-
KOpeHHOe paciiupenue Beenennoil. B nmo3aHee Bpemst IpOUCXOIUT NEPEXO]] B 3aMEAJIEHHBIN PEXUM, TaK KaK
ob11ee 1aBJIeHUE CTPEMUTCS K HYIIIO.

Knroueesvie cnosa: cxaispHoe moine, GepMHOHHOE T0jie, B3auMmojeilictBre Thna FOKaBbl, BEKTOPHOE MOJIE,
KocMorpadus, mapameTp 3aMe/JICHHS.
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