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Indicatrix of TE and TM- polarized wave velocities in crystal
of classes 4mm, 3m, 6mm with magneto-electric effect

This work is devoted to the theoretical study of the laws of propagation of electromagnetic waves of TE and
TM polarization in anisotropic media belonging to classes 4mm, 3m, 6mm, etc. having a magnetoelectric effect.
The directions of the vectors of the phase and group velocities of the polarization waves TE and TM at the
boundary of a uniaxial crystal with magnetoelectric properties are considered. In the analytical form, the values
of the directions of the phase and group velocities of the TE and TM waves are indicated, depending on the
direction of the wave vector of the incident wave. The consequences of the obtained results for uniaxial crystals
in the absence of magnetoelectric properties are discussed. The solution of the tasks set in this paper is based
on the use of the matrix method. On its basis, various problems of wave processes in an isotropic elastic
medium, electromagnetic waves in crystals, the distribution of coupled elastic and electromagnetic waves in
piezoelectric and piezomagnetic media with a magnetoelectric effect were previously considered. In the
presence of a magnetoelectric effect for electromagnetic waves propagating through uniaxial crystals, the
parameters of the wave vector, phase and group velocities are determined. The obtained results are analyzed
for electromagnetic waves propagating through uniaxial crystals in the absence of a magnetoelectric effect.

The indicatrices of the wave vectors propagating in the plane and the phase velocities of the TM polarization
waves are limited (x0z) . Based on the Rayleigh equation, the values of the group velocity are obtained. The

density of electromagnetic energy fluxes and their components are determined for TE and TM waves. The
energy transfer rate and its direction are determined. It is shown that the group velocities and directions obtained
from the Rayleigh equation and the Umov-Poynting vector do not coincide.

Key words: anisotropy, electromagnetic waves, uniaxial crystals, magnetoelectric effect, phase and group
velocities, TE and TM polarization waves, density vector.

Introduction

Active theoretical and experimental study of heterostructures and composite materials with piezoelectric,
piezomagnetic, magnetostrictive and ferromagnetic properties are currently underway.

The aim of research is to create materials with magnetoelectric properties, for their practical application
in instrument engineering, micro and nanoelectronics, information technologies [1-4].

The paper discusses the theoretical study of the patterns of TE and TM- polarized electromagnetic waves
propagation in anisotropic medium related to classes 4mm, 3m, 6mm, etc., with magnetoelectric effect.

A tensor describing the magnetoelectric effect is adopted in the form [1]:
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a=¢-0, 0 0 (1)
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Wave processes are considered based on Maxwell’s equations:

rotE = —@; rothi = 22
ot ot )
divD=0; divB=0; ©)
The material ratio has the following form:
Di:gogijEj_ainj’ BizluOIUinj_aijEj (4)
Dielectric and magnetic constant tensors correspond to their type for uniaxial crystals.
The ratios (6) taking into account (1) have the form:
D,=¢E-a,H,, D=¢E +a,H, D,=¢E, -

B,=u4H, —oE By=,uyHy+a E B.=uH,

Xy —y! xy —x?

For uniaxial crystalse, =€, ; pu, = absolute permeability to vacuum &, u [,is contained in

& U Ly

1. Propagation of electromagnetic waves in the plane (x0z ), k, =0

Solution and study in the form of flat waves. Presenting these solutions for electrical and magnetic field
components as [5], [7-10]:

f(xy,z,t) = f(x)e" ™" (1.1)

taking into account the absence of dependence, in this case, on the coordinate y, a system of equations
was obtained from equations (2), (3) and relations (7):

de, .
— ——jiwu,E, (1.2)
dx
k2 — 0o’
aH, =i(we, —ﬂ)HZ (1.3)
dx O,
dH,
=lwe,E, (1.4)
dx
k2 — o’c’
O, i, -2 By, (L5)
dx e

X

The systems of equations (1.2), (1.3) and (1.4), (1.5) are independent. Equations (1.2), (1.3) describe the
propagation of TE-polarized waves. Equations (1.4), (1.5) — TM-polarized waves.
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1.1 The equation of indicatrices of the TE- wave vector follows from the condition:
Within the framework of the matrix method of the matricant for homogeneous media, the wave vector
indicatrix equation can be determined from the condition [12-14]:

det[ B*+k/1]=0 (1.6)

det [T - Ie’"ﬂ =0, (IZ =k, ) . This follows from the relations W (h) =T (W\W,; W (h)=e™"W, and isa
consequence of the Floquet-Bloch theorem [13].
With periodic changes in parameters along the z axis:

gij (z+h)= gij (2), ﬂij (z+h)= 'uij (2), aij (z+h)= aij (2)

Matrix T(nh) =T"(h); T (h) - the monodromy matrix. For T"(h) the representation based on Chebyshev-

Gegenbauer polynomials is valid. The matrix is a monodromy matrix. A representation based on Chebyshev-
Gegenbauer polynomials is valid for.

TR =P (AT =R, _;(P)
Calculation of matrix polynomials P,(p) is shown in the paper [14]. The dispersion equation, based on
knowledge of the matrix structure, can be written in two equivalent forms:
det[T(h)—le™" |=0, det| T *(h)—le*"|=0
In view of their equivalence, a modified condition follows from them:
det[ p—1cosk,h]=0 (169

Under the condition A>>h (Ais the wavelength, h is the period of in homogeneity), analytical
representations of matrices for homogeneous media are obtained from (1.6%). In particular, this is due to

—ik,h |, ikgh
where p=%(T +T7; coskzh:e B
dw . 0
o =B(z)W; B(2) :(b bazj The matrix T has the form:T*'(z)=1cos kZzJ_rki Bsink,z,
21 z

h
1 h 1 -
B= %j B(z)dz . When decomposed by k, ~ rE Z<< 1, h notenough because: p = E(T +T™); Tand
0

T direct and inverse monodromy matrices.

h hz
Have representations [8]: T = | +I B(z)dz +” B(z)B(z,)dzdz, +.....
0 00

h hz
Similarly: T =1 - j B(z)dz + j j B(z,)B(2)dz,dz +.....
0 00

then, provided k,h <<1 and small h, while preserving the summands up to quadratic terms, we have, in the

case of homogeneous media:

B*h B*h

T=1+Bh+—; T'=1-Bh+
2 2

1h
. B==|B(z2)dz
h!()

2 2152
z

p:%(T +T =1 +BTh. For coskzhzl—k

. Then from (1.6") should: det[B2 + ka} =0

0 b kK> —w’a’
B:( 12}; b, =—iou,, b, =ive, —i—
b, O
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from (1.6) follows: (k, =kcos0, k, =ksin0)

2 2
O) Hz(gyux +aXy
u, cos®0+p,sin®0

2 __
kTE_

(1.8)

0 -angle between axis x and wave vector K . The TE-wave phase velocity indicatrix based on (1.8) has

the form:

,  ® pn,Ccos’0+p,sin’0

VfTE:k2 = (8 +a2)
U, y“x Xy , (19)
the group velocity is from the Rayleigh equation [5-7]:
L OV, oV
V, =0V + iy —; Vo =——
00 a0 (1.10)

unit vector fi determines direction of phase velocity, fi, - unit vector perpendicular to fi vector fi

(n, —p,)sinBcoso

_ 2
an a_uz (Syux +a’xy ) (111)

Vg =

formula (1.9) — (1.11) for group velocity value:
Vo =Vi 4V, (1.12)

angle Y between phase group velocity vectors determines the relation:

v , — M, )sinBcosO
tany=—"= (2” 2“ ) — (1.13)
Vi M, COS"0+p,sIn"0
from (1.9) — (1.13) follows:
2 _ 1 pgcos®0+pisin®e
¢ a pu,cos’0+p,sin”0 . (1.14)
1.2. TM wave indicatrices
In this case:
_ _ k? —w’a,
b, =iwe,, by = '(a)ﬂy - =)
W (1.15)
condition (1.6) gives the indicatrix of the TM wave vector:
2 ®’e, (nye, + ociy .
= - . 1.1
™ ¢ cos’@+¢g,sin’0 (1.16)
Calculations similar to those in paragraph 1.1 result in the following formulas:
, _£,0S°0+¢,sin’0
frm 2
8Z (8Xl"ty +0(‘xy (117)
(e, —€,)sinBcosO
=—— (1.18)

Vi € (sxuy + (xiy)
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> 1 €}cos’0+¢g’sin’0
™ a,, &,c0s°0+¢g,sin’0 (1.19)

angle [3, defining direction v, is from expression tanf = Rz tane (1.20).

2. Energy-flux density [10-12].
2.1. In the case of TE-polarized waves in (1.7), (1.8) as opposed to zero components:

Ey’ HZ7HX' (21)
From Maxwell’s equations for plane waves we have the following:
k
H,=—-E,
OH, (2.2)
k —oa
H, =~ - < Ey
WHy . (2.3)
The flux density of the electromagnetic energy of the wave is determined by the Umov-Poynting formula:
S= [E x ﬁ] (2.4)
Based on (2.4) we get the following: .
5, =gz K e EZ
X y y—y
OH, OH,Ey (2.5)
k, —oa, k, —oa
— y 2 _ 2 Xy 2
S, = E, = ,E,
OHy OHLEy _ (2.6)
From the relation S, / S, the direction of the energy flux density vector follows:
S k —oo
tanp, _2 M My 27)
SX “’X kX ,
L

H . -
==—%1an 0 transition rate, the group velocity is

when o, =0, we get the tanp, =
Ke by by

determined by the ratio:

o St _si+sy ki +(k —wa)
. = = = 28
“ eE;  &E; w?plep’ (28)

The components of the wave vector k_u k. are determined on the basis of (1.8) for TE waves and on
the basis of formula (1.16) for TM waves.

2.2. When the propagation of TM- polarized waves, the wave field has components:

H,, E, E, . (2.9)
Dependencies are fair:
kX
E,=- H, (2.10)
wE
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k, +oa,,
EX = T H y (211)

X

Based on the Umov-Poynting formula, the S, u .S, components are:

k
S,=-E,H, =——p H} (2.12)
0, H,
S —EH k, + oa,, H?
= By = 2.1
Yy Hyy (2.13)

S, &, k, + oo,

Direction of energy flow: tan P, === " (2.14)
X 8X X ,
from (2.12), (2.13) follows the energy transfer rate
, S2482%  giki+(k, +wo,,) e
Voru = 234 = 2.2.2, 2
u H, ® g E M, (2.15)

Results and discussion

The propagation of TE and TM-polarized electromagnetic waves in uniaxial crystals (classes 4 mm, 3m,
6mm) in the presence of the magneto-electric effect has been discussed. The indicatrices of the wave vectors
and phase velocities of TE and TM waves propagating in the plane ( x0z ) have been determined. On the basis
of the Rayleigh equation, the magnitude and direction of the group velocity and its indicatrix have been
determined. The flux density and electromagnetic waves components transferred by TE and TM waves, their
directions and transfer rates have been defined. Experience showed that the group velocity and direction
obtained on the basis of the Rayleigh equations and angles transfer rate, following from the Umov-Poynting
vector disagreed. The research is based on the matrix method [8-9].
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C.K. Tneyxkenos, JK.H. Cyiiepkynoa, C.A. HypkeHoB

MarauTt3jaekTpJik dcepi 6ap 4mm, 3m, 6MM KPUCTANABIK KJIACTAPAAFbI
TE xone TM moJsisspusanus TOJKbIHAAPBIHBIH KbUIJIAMIbIK HHANKATPHUCAJIAPbI

Makana MarHUTIIEKTPIIK acepi 6ap 4mm, 3m, 6mm jxoHe T.6. KIacTapra jKaTaTbIH aHU30TPOITHI OpTanapaa
ANEKTPMAarHUTTIK TOJNKBIHIApAslH TM sxoHe TM moispH3alMsCHIHBIH Tapaly 3aHIBUIBIKTaphIH TEOPHSUIBIK
3epTTeyre apHajIFaH. MarHUTAJIEKTPIIiK KacuerTepi 6ap 6ipochTi KpUCTAIABIH IIeKapachiHAarsl T E xaHe TM
HOJSIPU3AUMSUIBIK  TOJKBIHAAPBIHBIH (a3alblK JKOHE TONTHIK JKBUIAAMIBIK BEKTOPJIAPBIHBIH OaFbITTaphl
KapacTHIPBUIFaH. AHAJIUTHKAIBIK (opMaga TYCKEH TOJKBIHHBIH TOJKBIHIBIK BEKTOPBIHBIH OarbIThIHA
OaiimaHbICTBl TE xoHe TM TONKBIHAAPHIHBIH (ha3aIBIK KOHE TONTHIK KBUIIAMIBIKTAPBIHBIH OaFbITTAPBIHBIH
MOHJIEpl KOpCEeTUIreH. AJBIHFaH HOTIDKENCPAiH MAarHUTJIEKTPIiK KachuerTepi OonMaraH ke3de OipochTi
KpHCTaJIap YIIiH calAapbl TAIKbUIAHFaH. ByJl KYMBIC KOHBUIFAH €CENTepi IIellyAe MaTPULAIBIK OMICTi
KoJimaHyFa Heri3genreH. OHBIH HeTiziHAe OYphIH U30TPONTHI CEPIIMII OPTAAaFsl TOJKBIHABIK MPOLECTEPIiH,
KpHCTaAaparbl JJIEKTPMArHUTTIK TOJKBIHAAPIABIH, MAarHUTIJICKTPIIK ocepi Oap IMBE30ANIEKTPIIK JKOHE
IIbe30MAarHUTTIK OpTajapiaa OailaHbICKAaH CepHiMIl JKOHE JJIEKTPMArHUTTIK TOJKBIHIAPIBIH TapaybIHBIH
SPTYPpIIi Macenernepi KapacThIpbuIFaH. bipockTi KpucTanap apKbUIBI TapaJIaThIH IEKTPMArHUTTIK TOJIKBIHAAD
YIIIH MarHUTAJIEKTPIiK ocep OonraH Ke3le TOJIKBIHIBIK BEKTOPABIH, (a3ayblKk IKSHE TOITHIK
JKBULIAMIBIKTAP IBIH ITapaMeTpIiIepi aHbIKTaI sl HoTikeaep MarHUTAIEKTpIIiK acep OonMaraH Ke3je 0ipochTi
KpUCTAIZap apKbUIbl TapaJaThlH 3JICKTPMAarHUTTIK TOJKBIHAAp YILIIH TajnnaHFaH. JKa3bIKTHIKTa TapaaaTblH
TOJIKBIHABIK BEKTOpiapaelH uHAuKaTtopuapbl TE xome TM momspu3anus TONKBIHAAPHIHBIH (ha3aibiK

xeuiamMaerel mekteymi  (X0Z) . Panell TeHmeyi HeriziHae TONTHIK KBUIAAMIBIK MOHIEPi AJBIHIBL.

DJIeKTPMArHUTTIK SHEPTHsl aFbIHAAPBIHBIH THIFBI3IBIFEI JKOHE oylapAblH Kypampaac Geiiktepi TE sxone TM
TOJIKBIHAAPHI YILIiH aHBIKTATFaH. DHEPrHSHBIH OepiTy KbUIIaMIBIFBI )KOHE OHBIH OaFrbITHl allKbIHIaFaH. Paseit
TeHaeyl MeH YMOB-IIOWHTHHT BEKTOPBIHAH albIHFAaH TONTHIK JKBUIIAMIBIKTAD MEH OarbITTap Ccolikec
KEJIMEHTiHI KOpCEeTire .

Kinm ces30ep: aHW30TpONHS, DIIEKTPMArHUTTIK TOJKBIHIAP, OIPOCHTI KpUCTANIap, MAarHUTIIEKTPIIK ocep,
(hazanbIK KOHE TONTHIK KblIaamasikrap, TE xone TM nossipusanus TOIKbIHAAPHI, THIFBI3ABIK BEKTOPBIL.

C.K. Tneykenos, JK.H. Cyitepkynosa, C.A. HypkeHoB

HNuguxkarpuces! ckopocreid BoJiH TE u TM noasipu3anum B KpUCTAIHYECKHX
KkJaccax 4mm, 3m, 6mMmm ¢ MarHuTo3J1eKTpu4YecKuM 3P pexTom

CraTbs MOCBSAIIEHA TEOPETUUECKOMY U3YUYEHHUIO 3aKOHOB PACHPOCTPAHEHHUS 3JIEKTPOMarHUTHbIX BoaH TE u
TM nonspu3anuy B aHU30TPOITHBIX CpeiaX, OTHOCAIIUXCA K Kiiaccam 4mm, 3m, 6mm u apyrum, obiaaronmm
MarHuTOdJIeKTpruueckuM dddextom. PaccMoTpeHs! HampaBieHns! BEKTOPOB (a30BOM M IPYIIIOBOH CKOPOCTEi
nossipu3alioHHblX BosH TE w TM Ha rpaHHile OJHOOCHOTO KpHUCTaUla C MarHUTOIEKTPUUYECKUMU
cBolicTBaMu. B aHanmmTHdeckoi (opMme yKa3aHBI 3HAUCHHS HANpaBleHUH (a30BOW U TPYMIIOBON CKOPOCTEH
BorH TE nm TM B 3aBHCHMOCTH OT HaNpaBJICHHS BOJHOBOTO BeKTOpa majaromiell BoHBL OOCYXIEeHBI
MOCNE/CTBUS ~ TOJNyYEHHBIX  pe3yJNbTaTOB Uil OAHOOCHBIX  KPHCTAIOB  IIPU  OTCYTCTBUH
MAarHUTOYJIEKTPHYECKHX CBOMCTB. PerreHne 3amau, MOCTaBICHHBIX B HAcTosmiel paboTe, OCHOBaHO Ha
HCIIOJb30BaHUM MAaTPUYHOIO MeToza. Ha ero ocHOBe paHee pacCMaTpUBAIUCH PA3JIMYHBIE IPOOIEMBI
BOJIHOBBIX IIPOLICCCOB B H3OTpOl’[HOI>’I yl'[pyl"Ol>’I Ccpeac, DOJCKTPOMAarHuTHBIX BOJIH B KpHUCTalLlax,
pacnpoCTpaHCHUSA CBA3AHHBIX YIIPYT'UX U JJICKTPOMATrHUTHBIX BOJIH B ITbE303JICKTPUYECKUX U ITbE3OMAarHUTHBIX
cpemax C MarHMTodJIeKTpudeckuM d¢dekrom. IIpy HamHMIMKM MarHUTOINEKTPHIECKOro 3S(dexra st
3NIEKTPOMATHUTHBIX BOJIH, PACHPOCTPAHSIONINXCS Yepe3 OTHOOCHBIE KPUCTAIUIBI, ONPEAEIISIOTCS MapaMeTphl
BOJIHOBOTO BEKTOpa, ()a30BOM M IPyHIOBOH ckopocteid. [lomydeHHbIe pe3yabTaThl NPOAHATN3UPOBAHEI IS
SNIEKTPOMATHUTHBIX BOJH, PpAcCHpPOCTPAHSIONMXCSA 4Yepe3 OIHOOCHBIE KPHCTAIBI B  OTCYTCTBHE
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MarHUTO3JIEKTPUYECKOro 3¢ dexTa. IHAMKAaTPUCH! BOJIHOBBIX BEKTOPOB, PACIIPOCTPAHSAIOIINXCS B IFIOCKOCTH,
u Qaszoseie ckopoctd BonH TE u TM monspusanuu orpannuensr (X0Z) . Ha ocHoBe ypasHenus Panest
MOJTyuyeHbl 3HAYeHHsI TPYIIOBOH CKOPOCTH. [IJIOTHOCTH MOTOKOB JJIEKTPOMArHUTHOW SHEPrUM MU HX
cocrapysitomue onpezaeneHs! it BoaH TE u TM. Haiinensl ckopocTh nepenaun SHEpruu U ee HarpaBJIeHHE.
Iloxa3zaHo, 4TO TPYyNIOBBIE CKOPOCTH M HANpaBJICHUS, OJTy4YeHHbIC U3 ypaBHeHUs Panes u BekTopa YMoBa-
IloitHTHHTa, HE COBIAIAIOT.

Kniouesvie cnosa: aHM30TpOMNNS, 3NEKTPOMATHUTHBIE BOJIHBI, OAHOOCHBIE KPHCTAIUIBI, MAaTr HUTOIEKTPUIECKUI
a¢dekr, Pha3oBas U rpymmnoBas CKOPOCcTH, BonHbI mojsspusaiui TE u TM, BeKTOp IUIOTHOCTH.
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